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Understanding Multivariable Calculus: Problems, Solutions, and Tips

Scope:

he goal of this course is to complete your understanding and appreciation of calculus by seeing

how calculus is extended to three dimensions. Many of the ideas of elementary calculus in the plane

generalize naturally to space, whereas other concepts will be brand new. Most concepts will be
introduced using illustrative examples, and you will see how multivariable calculus plays a fundamental role
in all of science and engineering. You will also gain a new appreciation for the achievements of

higher mathematics.

You will begin by seeing how functions of a single variable are generalized to functions of two (or more)
variables. In particular, the graphs of such functions are surfaces in space. After a brief look at limits, you
will generalize elementary derivatives to partial derivatives. You will learn how to generalize the differential
to total differentials, work with a more general chain rule, and find extrema for functions of more than one

variable. This leads to optimization applications and linear modeling of data.

You will then study vectors in space, a natural extension of vectors in the plane. Lines and planes are studied
in depth, as well as other surfaces in space. You will use vector-valued functions to understand Kepler’s laws

and prove one of them using calculus.

Your study then takes you to the world of multivariable integration, which is far more powerful than its
single-variable counterpart. You will see how to define and use double and triple integrals, which have
applications to volume, surface area, mass, and far more. You will study additional kinds of integrals that
become possible in space: line integrals and surface integrals (including integrals for flux through a surface),

defined using vector fields.

One of the recurring themes throughout these lessons is the fundamental theorem of calculus. Recall from

elementary calculus how the fundamental theorem relates integration and differentiation:

[F'(x)dv=F(b)-F(a).

This theorem will appear in other forms in multivariable calculus, including in the famous fundamental
theorem of line integrals, which allows you to integrate over a piecewise smooth curve to make sense of such

topics as gravitation and conservation of energy.

Line integrals (which can be used with any curvy line and might therefore be better called “curve integrals™)
combine with double, triple, and surface integrals to form three of the crowning theorems in all of calculus,
each of which generalizes the ability of the fundamental theorem of calculus to extract maximum information
from relatively limited inputs, in far more powerful ways. These are Green’s theorem (which relates the double

integral of a region to a line integral around the corresponding boundary), the divergence theorem (which



Scope

relates the triple integral of a solid to the surface integral over the surface of that solid), and Stokes’s theorem
(which relates the surface integral over a surface to the line integral over the boundary of a surface). Stokes
was a colleague and friend of James Clerk Maxwell at Cambridge University, and the course concludes by
touching on mathematical connections between our capstone generalizations of the fundamental theorem of

calculus and Maxwell’s famous equations of electromagnetism.

This course presents essentially the same topics as a typical university-level, third-semester calculus course.
The material is based on the 10" edition of the bestselling textbook Calculus by Ron Larson and Bruce H.
Edwards (Brooks/Cole, 2014). However, any standard calculus textbook can be used for reference and support

throughout the course.

The study of multivariable calculus has surprisingly few prerequisites. For a high school student who has
completed the equivalent of the Advanced Placement Calculus AB and Calculus BC courses, this course is a
very logical next step. And although some university programs teach multivariable calculus only after linear
algebra and/or differential equations, no such preparation is assumed or needed for this course. Indeed, a good

grasp of precalculus and first-semester calculus is often the only essential preparation.

That’s because calculus II and multivariable calculus start from a shared foundation but proceed in
substantially different directions. For example, while Understanding Calculus II: Problems, Solutions,

and Tips, a natural predecessor for this course, does introduce some topics in preparation for multivariable
calculus—conics, vectors, parametric equations, polar coordinates, and vector-valued functions—the bulk of
that course is concerned with topics such as infinite series that are important for higher forms of mathematical
analysis but are not featured in multivariable calculus. Moreover, in this course, any preparatory topics from
calculus II are briefly reintroduced—but in terms of three dimensions—making the two courses even more
distinct and self-contained.

Graphing calculators and computers are playing an increasing role in the mathematics classroom.

Without a doubt, graphing technology can enhance the understanding of calculus, so some instances where
graphing calculators are used to verify and confirm calculus results have been included. For the video lessons,
many of the graphs of surfaces were produced using Mathematica software—a more limited online version
of which can even be explored on your own, at little or no cost, using the website Wolfram|Alpha

(www.wolframalpha.com).

By the end of this course, you will have covered all the important theoretical ideas and theorems of a three-
semester university calculus sequence, without dwelling on their technical proofs. You will be prepared for

courses in engineering, physics, and other subjects that use calculus.

Students are encouraged to use all course materials to their maximum benefit, including the video lessons,
which you can review as many times as you wish; the individual lesson summaries and accompanying problems
in the workbook; and the supporting materials in the back of the workbook, including the solutions to all

problems and various review items. m



A Visual Introduction to 3-D Calculus
Lesson 1

o ———

Topics

e Introduction to multivariable calculus.

e  Generalizing elementary calculus to three dimensions.

e  The three-dimensional coordinate system.

e Distance and midpoint formulas.

e Introduction to functions of two variables.
Definitions and Theorems

e In the three-dimensional coordinate system, points are represented by ordered triples, (x, y, z). For

example, the origin is (0, 0, 0).

e  The distance between the points (x, y,, z,) and (x,, y,, z,) is given by the formula

d=\/(xz—xl)2+(y2—y1)2+(zz—zl)2.

e A sphere with center (x, y,, z,) and radius r is the set of all points (x, y, z) such that the distance

between (x, y, z) and (x,, y,, z,) is r. That is,

2 2 2
d=\/(x—x0) +(y—y0) +(z—zo) =r.
This simplifies to the equation of a sphere, (x —x,)* + (v —y,)* + (z =z, )* =1

e The midpoint between the points (x,, y,, z,) and (x,, y,, z,) is given by the formula

X tX, ity Z+z
2 0 2 72 '

e Ifz=f(x,y)is a function of two variables, then x and y are called the independent variables, and z
is the dependent variable.



Lesson 1: A Visual Introduction to 3-D Calculus

Summary

Welcome to Understanding Multivariable Calculus: Problems, Solution, and Tips. In our first lesson, we show
how many of the fundamental ideas of elementary calculus can be extended to multivariable calculus. That

is, we look at how calculus in the two-dimensional plane is generalized to three-dimensional space. After
these introductory remarks, we develop the three-dimensional coordinate system as well as the distance and

midpoint formulas. We end the lesson with a brief look at functions of two variables.
Elementary Calculus Compared to Multivariable Calculus

In these lessons, we will see how elementary calculus, the calculus of two dimensions, can be extended to
multivariable calculus, the calculus of three dimensions, or space. Let’s briefly note some of the ideas we

will develop.

You know about the xy—coordinate system, in which points are represented by ordered pairs, (x, y).

You will learn how to represent points in space as ordered triples, (x, , z).

You know about functions of a single variable, such as
f(x) = sinx. You will learn about functions of two (or more)

variables, z = f(x, y), such as z = x? + 2. ot

You know about the graph of a function of a single variable

(see Figure 1.1). You will learn to graph functions of two 2t

variables in space (see Figure 1.2). y=x

You know about derivatives of functions of a single

variable, such as the derivative di[sin x] =cosx. You will
2

learn about partial derivatives of functions of two or more

variables, z, i .
ox Oy

You know about integrals in elementary calculus,
I f (x) dx and r f (x) dx. You will learn about double
integrals, r r f (x,y)dydx; triple integrals; line integrals;

and more.

You know about the fundamental theorem of calculus: If
F is an antiderivative of £, then rf(x)dx = F(b)-F(a).
You will learn about many generalizations of this theorem,

including Green’s theorem, the divergence theorem, and Figure 1.2

Stokes’s theorem.



You know about vectors in the plane, v = (vl ,v2>. You will learn about vectors in space, v = (v] ,V, ,v3> .

You know about vector-valued functions in the plane, such as r(z) = cos #i + sinzj. You will learn about vector-

valued functions in space, such as the helix given by r(z) = coszi + sin#j + 7k.

You know about finding maximum and minimum values of functions in elementary calculus. You will learn

more advanced optimization techniques for functions of two variables.
Example 1

Find the distance between the points (2, -1, 3) and (1, 0, —2).
Solution

Using the distance formula, we have

d=(1-2) +(0+1) +(-2-3)" = JT+1+25 =/27 =3/3.
Example 2
Find the equation of the sphere having (4, =2, 3) and (0, 4, —3) as endpoints of a diameter.

Solution

The center of the sphere is the midpoint, (4 er 0 , _22+ 4 , 3 ;3j =(2,1,0).

By the distance formula, the radius is

J } J } J } J ] N

r=yJ(0-2)" +(4-1) +(-3-0)" =J4+9+9 = 22. 2.3

) ——y
The equation of the sphere is (x —2)*+ (y — 1)+ (z - 0)* = (\/ 22)2, a3
which simplifies to (x —2)>+ (y — 1)* + z2=22. (See Figure 1.3.) . .47
X
Example 3 Figure 1.3

For the function of two variables z = f'(x, y) = x> + xy, we have £(0, 0) =0 and (2, 1) =22+ 2(1) = 6.
Study Tips

e  We will use a right-handed coordinate system in space. That is, if the x-axis is your right hand and the

y-axis is your left hand, then the z-axis points upward.



Lesson 1: A Visual Introduction to 3-D Calculus

e  The formulas for distance, midpoint, and sphere are immediate generalizations for the familiar

formulas for distance, midpoint, and circle in elementary calculus.

e  Given (x, y) in the domain of a function f of two variables, the value in the range is z = f (x, y).

Pitfall

e Just as in elementary calculus, you cannot divide by zero or take square roots of negative numbers.
For instance, if f (x, y) = [y + then £'(0, —2) and /'(3, —3) are undefined.

x+y’

1.

Calculate the derivative of the function f(x) = In2x + &**.
. 7
Calculate the integral £ cosxdx .
Determine the vector with initial point P(1, 2) and terminal point O(—4, 0).

Eliminate the parameter to demonstrate that the graph of the vector-value function r(#) = 3 coszi + 3 sinzj

is a circle.

Find the critical numbers and relative extrema of the function f(x) = 2x* + 3x* — 12x.
Find the distance between the points (1, =2, 4) and (6, =2, —2).

Find the midpoint of the line segment joining the points (4, 0, —6) and (8, 8, 20).
Find the equation of the sphere with center (0, 2, 5) and radius 2.

Calculate f(1, 3) if f(x, y) = Iny + .

10. Calculate g(r, 0) if g(x, y) =3 cos(x +y) —sin(x —y).



Functions of Several Variables
Lesson 2

o ———
Topics
e  Functions of two or more independent variables.
e  Graphs of functions of two variables.
e Traces.
e Level curves and level surfaces.
e  Applications of functions of two variables.
Definitions and Theorems
e Let D be a set of ordered pairs of real numbers. If to each ordered pair (x, y) in D there corresponds a
unique real number z = f'(x, y), then f'is called a function of x and y. The set D is the domain of f; and
the corresponding set of values f'(x, y) is the range of /2
e The graph of a function of two variables z = f'(x, y) consists of all points (x, y, z) such that z = /'(x, y).

e A trace is the intersection of a surface with a plane.

e Letz=f(x,y)and c be a constant. A level curve or contour line is the set of all points in the plane

satisfying f'(x, y) = c.
Summary

In this lesson, we continue our study of functions of two or more independent variables. We will formally
define functions of two variables, including their domains and ranges. We will see that it is easy to combine
such functions and also extend these ideas to functions of three or more variables. Perhaps the most important
and interesting theme of this lesson is the graph of a function of two variables. To this end, we look at traces
and level curves for functions of two variables. Typical applications of level curves are topographic maps.

Finally, we will set up an application involving the minimal cost of construction of a box.



Lesson 2: Functions of Several Variables

Example 1 z

Find the domain of the function f'(x,y)=1/4—x"—*.

Solution

The expression inside the radical must be nonnegative, so the domain

consists of all ordered pairs satisfying 4 —x? —»? > 0.
Figure 2.1

So, we have D = {(x,y) xP eyt < 4}.

The domain is a circle of radius 2. Notice that the graph of the function is a hemisphere of radius 2 centered at
the origin, x> +? +z2=4, 0 <z < 2. (See Figure 2.1.)

Example 2

i

Find the largest possible value of the function of two variables
z=f(x,y)=2x+4y—x>—)
A
Solution e
7-7_/ Sy =5-(x-1-(-2y

By completing the square, we see thatz=f(x, y) =5—(x—1)?) = (y — 2)~ &

Figure 2.2
Therefore, the largest possible value is 5, which is obtained when x = 1 and y = 2. Notice that there is no

smallest value. (See Figure 2.2.)
Example 3

Let f(x,y)=4/16—4x>—y* . Describe the level curve for ¢ = 0.
(See Figure 2.3.)

Solution

Setting /' (x, ¥) = ¢, we have /16 —4x*>—y* =0.

Figure 2.3
2

2
This simplifies to the ellipse 16 —4x> — y*> =0 = XT+T_6 =1.

In the figure (see Figure 2.4), we have drawn this ellipse, along with some other level curves.



Example 4

A rectangular box with an open top has a length of x feet, a width of y
feet, and a height of z feet (see Figure 2.5). It costs $3 per square foot to
build the base and $2 per square foot to build the sides. Write the cost C of
constructing the box as a function of x, y, and z.

Solution

The cost depends on the cost of the base and the four sides.

Figure 2.4
C=3.00xy +2(2.00yz) +2(2.00)(xz) = 3xy + 4yz + 4xz.
Later in this course, we will determine the minimum cost of the box,
given a fixed volume. z
Study Tips o
P y
e Ifz=f(x,y), thenx and y are called the independent variables, gy Figure 2.5

Pitfalls

and z is the dependent variable.

In general, the range of a function of two variables is more difficult to determine than the domain.

Often, a graph can help determine the range.

You can define functions of three or more variables in a similar manner. For example,

f(x,y,z)=x>—y*+sinz is a function of three variables.

You can add, subtract, and multiply functions of two or more variables. For example, if f (x, y) = 2x)?
and g(x, y) = sin(xy), then the sum of the two functions is (f+ g)(x, y) =f(x,y) + g(x,y) =
2xy? + sin(xy).

Level curves extend naturally to level surfaces. For example, consider the function of three variables,

f(x,y,z) =4x* +y* + 22, Each level surface is of the form 4x2 + 32 + z? = ¢, which are ellipsoids.

You will often see different letters used for the independent and dependent variables, as well as the

names of the functions.

You cannot form the composition of two functions, each of two variables. However, if g is a function

of a single variable and f'is a function of two variables, then the following composition makes sense:

(g2 /) (xr)=2(/(x.p)).



Lesson 2: Functions of Several Variables

e Make sure you understand if you are working in the plane or in space. For example, the graph of the

equation y = x is a line in the plane, but a plane in space.

e The graph of a function of two variables is a surface in space, whereas its level curves are graphs in

the xy-plane.

e Keep in mind that for a surface in space, its level curves lie in the xy-plane. On the other hand, a trace

is the intersection of the surface with a plane.

1. Calculate £(0,5,4)iff(x,y,z) = Jx+y+z.

x+y
xy

2. Describe the domain of the function f(x, y) =
3. Describe the domain of the function f(x, y) = In(4 —x — y).
4. Describe the graph of the function /'(x, y) = 4.

5. Describe the graph of the function f'(x, y) = \/1-x* — .

6. Describe the level curves of the function £ (x, y) =6 —2x — 3y forc = 0, 2, 4.
7. Describe the level curves of the function £ (x, y) = xy for ¢ = £1, £3.

8. Describe the level surface of the function /' (x, y, z) =x*+3*+ 22 at ¢ = 9.

9. Complete the square for the function z = f(x, y) = 2x + 4y — x> — y* to confirm that the largest value of the
function is z=5.

10. A propane tank is constructed by welding hemispheres to the ends of a right circular cylinder. Write the

volume of the tank as a function of » and x, where r is the radius of the cylinder and hemispheres and x is

the length of the cylinder.

10



Limits, Continuity, and Partial Derivatives
Lesson 3

T ——
Topics
e  Limits of functions of two variables.
e Disks in the plane.
e  The formal definition of limit.

e  Continuity of functions of two variables.

e  Partial derivatives. PR N
7 AN
/ \
. / 0 \
Definitions and Theorems ! \
I 1
o \ I
e Let(x,,y,) bea point in the plane. \\ (X, V) //
N\ 7/
N 7
The open disk centered at (x,, y,) with radius  is the set of points S~ __--
2 .
{(x, y): \/(x—xo) +(y=w)’ <5}. (See Figure 3.1.) Figure 3.

e Letfbe a function of two variables defined, except possibly at (x,, y,), on an open disk centered at

(x,,¥,), and let L be a real number.

Then,

lim )f(x,y):L

(XJ’)—>(X0 sYo

if, for every e > 0, there exists d > 0 such that

|f(x,y)—L| <ewhenever0<\/(x—x0)2+(y—y0)2 <4.

e A function of two variables is continuous at a point (x,, y,) if /(x,, y,) is defined and

lim  fCe) =1 (%050)-

(x.2)=(x0-0

11



Lesson 3: Limits, Continuity, and Partial Derivatives

e Definition of partial derivatives:

Ax,y)=f(x,
Lo gy )

d Sy +Ay)= fx,
%=fy(x,y)=§;glo by Ayy) (x.2).

Summary

In this lesson, we continue to study the fundamental concepts of limits and continuity for functions of two
variables. We will see that limits in multivariable calculus are more complicated, but we won’t dwell on the
theoretical aspects. We then present partial derivatives, the generalization of derivatives from elementary

calculus. We will learn how to calculate partial derivatives and discover their geometric significance.
Example 1

2
Calculate the limit  lim zx Y =
(x2)>(12) x° + y

Solution

2 2
The limit is easy to evaluate:  lim fx y2 = 52(1) % =10 _
(-2 x= +y° 17 +2 5

We were able to just plug in the point (1, 2) in this example. The next example is more interesting.

Example 2

X y? 2
Show that the limit  lim —— | does not exist.
(62200 x° + y

Solution

We approach the point (0, 0) along two different paths.

Along the path y =0, 1 (xz_ozjz 1. And along the path I (xz‘xzjz 0
ong the pathy =0, lim =1. And along the pathy =x, lim =0.

SREPERI TS osho kP v 07 R O (Tl
Because these values do not agree, the limit does not exist.

Example 3

Calculate the partial derivatives of the function /' (x, y) = x> + siny.

12



Solution

We calculate the partial derivative with respect to x by holding the variable y constant and differentiating with

respect to x: g _ 3x%.
Ox

Similarly, the partial derivative with respect to y is calculated by holding the variable x constant: gl =cos y.
v

Study Tips
e  Open disks are circles without boundaries. Closed disks contain the boundary.

e Inelementary calculus, you can approach the point ¢ in only two directions—from the left and from
the right. The key difference in multivariable calculus is that you can approach the point (x,, y,) from

any direction and along any path.
e  You can define limits and continuity of functions of three or more variables in a similar manner.

e The definition of continuity is similar to that in elementary calculus: The function is continuous
at a point if it is defined at the point, its limit exists at the point, and the limit equals the value of
the function.

e  Partial derivatives are rates of change with respect to one of the independent variables.
Pitfalls

e In Example 2, you cannot just plug in the value (0, 0). Always be on the lookout for division by zero.
In fact, there is a nonremovable discontinuity at this point.

e  There are lots of notations for partial derivatives. For instance, if z = f'(x, y), then the partial

derivative with respect to x might be written as

9 2z
fier)=L =2 f(xy)=E =z,

L. Findthe limit lim (2x?+y).

X, y)—)(Z, 1)

2. Findthelimit lim eY.

(x.9)-(1,2)
3. Findthe limit lim 2~
(x.0)>(1) T4+ xp
4. Discuss the continuity of the function f (x, y) =— _): -
Xty

13



Lesson 3: Limits, Continuity, and Partial Derivatives

10. Calculate the partial derivatives

14

Discuss the continuity of the function f(x, y)= 1

Show that the limit  lim Y does not exist.

(v, 2)~(0,0) x? +y

2

2

does not exist.

Show that the limit ( lim :

x)>(0.0) x* +y

of of

Calculate the partial derivatives = and = for f'(x, y) = 2x — 5y + 3.

ox oy

Calculate the partial derivatives gl and % for f(x,y) = x[».

X
o o
-

x*+y? -4

. and = for f'(x, y) = cosxy.



Partial Derivatives—One Variable at a Time
Lesson 4

Topics

e Partial derivatives of functions of two variables.

e The geometric interpretation of partial derivatives.

e Partial derivatives of functions of three or more variables.

e Higher-order partial derivatives.

e Equality of mixed partial derivatives.

e  Partial differential equations and Laplace’s equation.

Definitions and Theorems

e Definition of partial derivatives:

Ax,y)—f(x,
o e

L1 y)—g;rg})f(x’y+AAyy)_f(x’y)'

e Higher-order partial derivatives:

AN I AN
6x£6x] Ox? = é‘y(ay)_ oy’ =
LAC AN/ I AN/
oylox ) oyox 7 Ox oy 8x6y e

0’z , 0’z
_+_
ox? oy’

e Laplace’s partial differential equation: 0. A function that satisfies this equation is said to

be harmonic.

15



Lesson 4: Partial Derivatives—One Variable at a Time

Summary

In this lesson, we continue our study of partial derivatives. After reviewing how to calculate partial
derivatives, we recall their geometric significance as rates of change. We then turn to higher-order partial
derivatives and observe a surprising property of so-called mixed partial derivatives. Finally, we generalize
differential equations to partial differential equations and look at Laplace’s equation as an example.

Example 1

Find the first partial derivatives of the function z = f(x,y)=x"+ y* +sinxy.

Solution
The partial derivative with respect to x is g_z = gl =3x*+cos (xy) v, and the partial derivative with respect to
o A oo
yis —==2-=4y" +cos(xy)x.
e ()
Example 2

Find the slopes in the x-direction and in the y-direction of the surface given by the function
f(x,y)=1—(x—1)>—(y—2)?at the point (1, 2, 1).

Solution

The partial derivative with respect to x is
fix,y)==2(x—1)and f,(1,2) =0.

The partial derivative with respect to y is 2
fy(x,y):—2(y—2)andfv(l,2)20. 3

Notice that the slopes are zero at the maximum
point on the surface. Later, we will expand on the

idea of using partial derivatives to find maximum

and minimum values of functions. (See Figure 4.1.) Figure 4.1

Example 3

Find % for the function f'(x, y, z) = xy + yz* + xz.

Solution

Calculating partial derivatives for functions of three or more variables is no different. We consider the

. . . . 0
variables y and z as constants and differentiate with respect to x: al =y+z.
X

16



Example 4
Calculate the four second-order partial derivatives for the function /' (x, y) = sinx + e’ + xy.

Solution

We begin by calculating the two first-order partial derivatives of the function: g =cosx+y and L =e’ +x.

Ox oy

The four second-order partial derivatives are obtained by differentiating the first partial derivatives.

fu ( j:% cosx+y)=—sinx.
S 6[%) a%ey+x =1.
%(%} %cosx+y) 1.

Notice that the two mixed partial derivatives are equal. Under suitable hypotheses, this is always true for

mixed partial derivatives.
Example 5

Show that z = f(x,y)=e"siny is a solution to Laplace’s equation.

Solution
Oz o’z 0z _ o« 0%z X
We have = =¢"sin y, =e*siny, =e*cosy,and —= =—e" sin y.
ox re s P Y
0’z 9%z Yo
Therefore, —+——e sin y+(—e*siny)=0.
ox?  oy? 7 ( y)
Study Tips

e To calculate a partial derivative, hold one variable constant and differentiate with respect to the

other variable.

e The partial derivative with respect to x is the slope of the graph in the x-direction. Similarly, the

partial derivative with respect to y is the slope in the y-direction.

e Under suitable hypotheses, the mixed partial derivatives are equal: f, . =f.



Lesson 4: Partial Derivatives—One Variable at a Time

Pitfalls

e The notation for partial derivatives can be confusing. Notice that for mixed second-order partials, you

do the derivative “closest to /™ first:

o(af\_f _ _
g(@j—ﬁ—(ﬂ)x—fw-

e  Although the mixed partial derivatives are equal for most common functions, there exist examples for

which this is not true. For instance, they are not equal for the function

(¥ =)
Fley)=1 ey (80)2(00)

0, (x.»)=(0,0)
1. Find both first partial derivatives f, and f, for f(x, y) = sin5xcos5y.
2. Find both first partial derivatives /, and f, for f(x, y) = ye- .
3. Find the slope of the surface g(x, y) = 4 — x*> — y? in the x- and y-directions at the point (1, 1, 2).
4. Find the first partial derivatives f,, f,, and 1, for f (x, y, z) = x*yz? at the point (x, y, z) = (1, 1, 1).
5. Find the four second partial derivatives for the function £ (x, y) = x* — 2xy + 3y
6. Find the four second partial derivatives for the function f(x, y) = e*tany.

7. For the function f'(x, y) = x> — xy + »* — 5x + y, find all values of x and y such that / (x, y) = 0 and
f,(x,y)=0.

8. For the function f (x, y) = %+%+ xy, find all values of x and y such that £ (x, y) =0 andfy(x, y)=0.
2 2
9. Show that the function z = arctan % satisfies Laplace’s equation, g—f + % =0.
x
2 2
10. Show that the function z = sin (x — ct) satisfies the wave equation, % =c? %
X

18



Total Differentials and Chain Rules
Lesson 5

o ———
Topics
e The total differential of a function of two variables.
e Differentiability for functions of two variables.
e  The total differential and error analysis.
e  Chain rules.
Definitions and Theorems

e Letz=f(x,y), dx=Ax, and dy = Ay. The total differential of z is the expression

de =L e+ Zgy =1 (x,y)dx+f (x,v)dy.
ax ay X Yy

e A function z=/(x, y) is differentiable at the point (x,, y,) if Az can be written in the form
Az =f (x,, y,)Ax +fy(x0, Y,)A + & Ax + e,Ay, where ¢, and ¢, tend to zero as (Ax, Ay) — (0, 0).

e Let w be a function of x and y, and assume that x and y are both functions of 7. Then, w is a function of

t, and the chain rule says that

dw _ owds 0w dv
dt oOx dt 0Oy dt

Summary

In this lesson, we continue our study of functions of two or more independent variables. We first generalize
differentials from elementary calculus to define the total differential of a function of two variables. We then
define differentiability of a function of two variables and note that the definition looks quite different from the
corresponding definition in elementary calculus. We apply the total differential to error analysis. Finally, we
present one of the many chain rules in multivariable calculus.

Example 1

Find the total differential of the function z = 2xsiny — 3x%*?.

Solution

We have dz = %d)ﬁg—;dy = (2siny — 6xy?)dx + (2xcosy — 6x%) dy.

19



Lesson 5: Total Differentials and Chain Rules

Example 2 z

Use the total differential to approximate the change in the function
z=f(x,y)= /4-x>—y* as(x,y) changes from (1, 1) to (1.01, 0.97).
(See Figure 5.1.)

(11.47)
/ |
\\g,y/

Solution
T
We have (x,y) = (1, 1), dx = Ax = 0.01, and dy = Ay = —0.03. Figure 5.1
1

The partial derivatives are g}zc =%(4—x2 —yz) % (—2x) :ﬁ_yz and S)Z) e

oz 62 -y
So, Az~ dz = Ax+ Ax+ Ay.

ox \/4 x? - Ja-xt -y Y
Whenx=y=1, Az= 0.01)+ —0.03)~0.0141.

L (o0i)+ r( )~

This compares favorably with the exact change:

Az=7(1.01,097) = f(1, 1) =\[4=(1.01)" =(0.97)" ~J/4=T —T* = 1.4279 ~ 14142 = 0.0137.

Example 3

g v

0l ifw=x% —y* x=sint,and y = ¢'.

Use the chain rule to fin
Solution

We have the following:

chw _ Ow dx | ow dy

= = + (x2 — = 1 ! + (sin2t— 2¢€')e'.
d "o d oy di 2xy(cost) + (x2 — 2y)e' = 2(sint)(e')cos + (sin’f — 2¢')e

Study Tips
e The total differential extends naturally to functions of three
or more variables. For example, if w=x? + )* + z*, then

dw=2xdx +3y*dy +4z3dz.

e We will see later that differentiability at a point implies that the surface

can be approximated by a tangent plane at that point. This is similar to

elementary calculus, where differentiability at a point implies that the

graph can be approximated by a tangent line. (See Figure 5.2.) Figure 5.2
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e There are many other chain rules in multivariable calculus, but we will not need them in this course.

e Itis possible to solve Example 3 without the chain rule. First, express w as a function of #, and
then differentiate:

w=x’y—y’ =(sin2t)e’ —(e’)z.

Next, find cjz’_vtv to verify that you obtain the same answer.

Pitfalls

e The definition of differentiability looks quite different from the definition in elementary calculus.

e Notice in the chain rule that some of the derivatives are ordinary derivatives, and others are
partial derivatives.

1.

Find the total differential if z = 2x%°.
Find the total differential if z = e*siny.

Find the total differential if w=——"2".
z=3y

Use the total differential to approximate the quantity (2.01)%(9.02) — 2%(9).
Use the total differential to approximate the quantity sin [(1 .05)2 +(0.95 )2 ] —sin (12 +1? )

The radius r and height / of a right circular cylinder are measured with possible errors of 4% and 2%,

respectively. Approximate the maximum possible percent error in measuring the volume.
Use the chain rule from elementary calculus to calculate the derivative of the function % (x) =sin ((33"2 )

Use the chain rule to find ‘Z;—vtv ifw=xy,x=¢,and y = e

Use the chain rule to find dw ifw=cos(x—y),x=#,and y=1.

dt
dw

10. Use the chain rule to find A atr=lifw=ev,x=7Fandy=t.
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Lesson 6: Extrema of Functions of Two Variables

Extrema of Functions of Two Variables
Lesson 6

22

Topics

Maximum and minimum values of functions of two variables.

The extreme value theorem.

Relative extrema and critical points.

The second partials test for relative extrema.

Applications.

Definitions and Theorems

Let z =f(x, y) be continuous on the closed and bounded region R in the plane. The values f'(a, b) and
f(c, d) satisfying ' (a, b) <f(x, y) < f(c, d) are the maximum and minimum values of fon R.

The extreme value theorem says that if z = f(x, y) is continuous on the closed and bounded region R
in the plane, then there is at least one point in R at which ftakes on a minimum value and at least one

point in R at which f'takes on a maximum value.
Let fbe a function defined on the region R containing the point (x,, y,). The function f'has a relative
minimum at (x, y,) if f (x, y) > f (x,, y,) for all (x, y) in some open disk containing (x,, y,). The

definition of relative maximum is similar.

Let /'be defined on an open region R containing (x,, y,). The point (x,, y,) is a critical point if either
(1) f.(xpv,) =0 andfy(xo, ¥,) =00r(2) f.(x,, y,) orfy(xo, ¥,) do not exist.

Relative extrema occur at critical points. In other words, the critical points are the candidates for

relative maxima and relative minima.
Second partials test: Let (a, b) be a critical point of f;
Define the quantity d = f,, (a,b)fyy (a,b) —[fxy (a,b)}2 . Then, we have the following.

1. d>0,f (a, b)> 0= relative minimum.

2. d>0,f (a,b) <0= relative maximum.



3. d<0,= saddle point.
4. d=0: Test is inconclusive.

Summary

In this lesson, we develop techniques for finding maximum and minimum values of functions of two variables.

We will see that the critical points of a function are the candidates for relative extrema, just as in elementary

calculus. The second partials test can be used to determine the exact nature of these critical points. Finally, we

close with an application from a previous lesson.
Example 1

If possible, find the highest and lowest points on the graph of the
function f(x, y) = 2x + 4y — x> — ).

Solution

We set the partial derivatives Z—J; =2-2x and % =4-2y equal to

zero and obtain the critical point (x, y) = (1, 2).

By completing the square, we see that this point is a maximum and that

there is no minimum value. (See Figure 6.1.)

f(xy)=2x+4y-x" -y’
=—(x?=2x+1)—(y" —4y+4)+5

2 2
=5—(x—1) —(y—2) .
Example 2
Determine the relative extrema of /' (x, y) = 2x* +? + 8x — 6y + 20.

Solution

We set the partial derivatives equal to zero to determine the critical point(s): f, =4x+8=0=x=-2

and f, =2y-6=0= y=3. So, the only critical point is (-2, 3).

By completing the square, f(x, y) = 2(x +2)* + (y — 3)* + 3. Hence, (-2, 3) is a relative minimum

(and absolute minimum), and there is no relative maximum.
Example 3

Use the second partials test on Example 2 given the critical point (-2, 3).

Figure 6.1
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Lesson 6: Extrema of Functions of Two Variables

Solution

We first calculate the partial derivatives f, = 4x + 8, f =4, fy =2y—6, fy V= 2,and f .= 0. So, we have
d=f.(a.b)f, (a.b)~] £, (a.b)] =4(2)-0=8>0,

and /. > 0. Thus, by the second partials test, the point is a relative minimum.

Study Tips

e  The definition of critical point is similar to the definition in elementary calculus, except that now we

use partial derivatives.

e The critical points are the candidates for relative extrema. It is possible that none of the critical points
are relative extrema. For instance, the critical point of the function f'(x, y) = »* —x? is (0, 0), which is

neither a relative minimum nor relative maximum. Such points are called saddle points.
Pitfalls

e When using the extreme value theorem, make sure that the region R is closed and bounded.
Otherwise, there might not be a maximum or minimum value. For instance, there was no minimum

value in Example 1.

e Remember that both partial derivatives must be equal to zero (or one of them undefined) for there to

be a critical point.
e Keep in mind that the relative extrema are not necessarily absolute extrema.

e The second partials test can fail in two ways: (1) The partial derivatives might not exist or (2) the

discriminant d = 0.

1. Find the critical point(s) of the function f(x, y)=+/x*+” +1.
2. Find the critical point(s) of the function f(x, y)=-x" -y’ +10x+12y —64.

3. Find the critical point(s) of the function f(x, y) = ()c2 +y? )% .

b

Complete the square to determine the relative minimum of the function f(x, y) = 2x? +? + 8x — 6y + 20.
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10.

11.

12.

Determine the relative extrema of f'(x, y) = xy.

Use the second partials test to determine the relative extrema of the function
f(x,y)=3x*+2y? — 6x — 4y + 16.

Use the second partials test to determine the relative extrema of the function
f(x,y)=-5x>+4xy — y* + 16x + 10.

Examine the function f(x, y)=2xy —%(x4 +y! ) +1 for relative extrema.

Find the critical point(s) of the function f (x, y) =x” +y” and determine the relative extrema.

An open box is to be constructed with 2 square meters of material. Determine the dimensions
of the box so that the volume is a maximum.
. . . . C-3xy | .
Verify that that the partial derivative with respect to x for V' = xy ﬁ 1s
xX+y

V :y—z(C—Sx2 —6xy).
! 4(x+y)2

2

2
Verify that V, = y—(C —-3x% - 6xy) =0 and V, = X—(C -3y - 6xy) =0 gives the solution

4(x+y)2 4(x+y)2

x=y=12.
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Lesson 7: Applications to Optimization Problems

Applications to Optimization Problems
Lesson 7

I
Topics

e Applications of functions of two variables.

e  Maximum and minimum values on closed and bounded regions.
Definitions and Theorems

e Letz=f(x,y) be continuous on the closed and bounded region R in the plane. The values f(a, b) and
f(c, d) satisfying f(a, b) <f(x, y) < f(c, d) are the maximum and minimum values of fon R.

e The extreme value theorem says that if z = f'(x, y) is continuous on the closed and bounded region R
in the plane, then there is at least one point in R at which ftakes on a minimum value and at least one

point in R at which f'takes on a maximum value.
Summary

In this lesson, we continue our study of optimization applications of functions of two variables. We first look
at maximum and minimum values for functions defined on closed and bounded regions. We then look at two
real-life applications. The first one involves maximizing the volume of a package, and the second involves the

construction of a water line through three different regions.
Example 1
Find the absolute extrema of the function f (x, y) = 3x* + 2)? — 4y

on the closed region bounded below by the parabola y = x? and (2,4 (2,4)
above by the line y = 4. (See Figure 7.1.)

Solution

We first find the critical points in the region by setting the partial
derivatives equal to zero: f, = 6x = O,fy =4y—-4=0.

Hence, the only critical point in the region is at (0, 1),
and £(0,1) =—2.

Figure 7.1
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Next, we analyze the boundary of the region.

Along the line segment y =4, -2 <x <2, we have f(x, 4) =3x>+ 32 — 16 = 3x> + 16 = g (x).
Because g'(x) = 6x, we evaluate g(0) = 16, g(2) =28, and g(-2) = 28.

Along the parabola y =x2, 2 <x <2, f(x, x*) = h(x) = 3x* + 2(x2 )2 —4xr=2x*—x2,2<x<2.
We have /4'(x) = 8x> — 2x = 2x(4x> — 1) and, hence, #'(x) =0 = x=0, i%.

We evaluate these points to obtain #(0) =0, h(i%) = —%, and s (£2) = 28.

Finally, we see that the absolute maximum is 28 at (£2, 4), and the absolute minimum is —2 at (0, 1).

Example 2 P -« >» B
o

A water line is to be built from point P to point S and must pass ) 5

through regions where construction costs differ. The cost is

3 million dollars per kilometer from P to O, 2 million dollars per X 0 oC

kilometer from Q to R, and 1 million dollars from R to S. Find 1 1

x and y so that the total cost is a minimum. (See Figure 7.2.)

[ o
A <——y—> R 10~y S

. Figure 7.2
Solution 9

From the figure, we see that the total cost in millions of dollars is C(x,y) =3+ x* +4 +2,/(y - x)2 +14+(10-y).
The partial derivatives are

C —_3x 2(y—x)
CoJx+4 \/(y—x)2+1

C =¥y
) (y—x)+1

Setting these partial derivatives equal to zero yields (see Problem 7 for a derivation)

%z1.414,y:g+gz1.284.

X =

These values yield the minimum cost C (g,@ + gj ~17.39.

You can verify that this is a minimum by the second partials test or by analyzing the values
on the boundary. It is instructive to compare this minimum with other values for x and y:
C(0,0)=6+2+10=18, C(10,10)=3/104 +2=32.59,and C(1,1)=3+/5 +2+9=1771.
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Lesson 7: Applications to Optimization Problems

Study Tips

e Asillustrated in Example 1, the technique for finding absolute extrema for functions defined on closed
and bounded regions requires two steps: You must find the critical points inside the region and also

analyze the function values on the boundary of the region.

e  When solving an applied optimization problem, make sure that your answer is indeed a maximum

(or minimum). The second partials test can often be used.

Pitfalls

e  When finding the critical points for a function defined on a closed and bounded region, make sure that

the points are indeed in the region.

e Calculating partial derivatives is a calculus skill. But setting those derivatives equal to zero and

solving the resulting equations is algebra. The algebra portion is often the most difficult.

1.

28

Find the absolute extrema of the function ' (x, y) = x> — 4xy + 5 on the region R = {(x, y): 1 <x <4,
0<y<2j.

Find the absolute extrema of the function f(x, y) = 12 — 3x — 2y on the triangular region in the xy-plane
with vertices (2, 0), (0, 1), and (1, 2).

Find the minimum distance from the point (0, 0, 0) to the plane x — y + z = 3. Hint: To simplify the

computations, minimize the square of the distance.
Find three positive integers such that their product is 27 and their sum is a minimum.
Show that a rectangular box of given volume and minimum surface area is a cube.

If V= 108y — 4xy — 2)” and V, = 108x — 2x* — 4xy, (x, y # 0), show that ¥ = ¥, = 0 implies that x =y = 18.

If C =5 2(y_f) and ¢, =— 2020 1 (0<x<10,x<y< 10), show that
V44 \/(y—x) +1 (y—x) +1
e 2 J3 .2
C,=C, =0 implies that x=-== and y=S3t



Linear Models and Least Squares Regression
Lesson 8

o ———
Topics
e The least squares regression line.
e  Application to systolic blood pressure.
e Nearly vertical data.
Definitions and Theorems

e Givenasetofdata (x,y,), (x,,,), ..., (x , ), the least squares regression line /(x) = ax + b is

given by
nzxiyi _zxizyi
=) =

a= ,, - ,-:12 ,bzi(;y[—a;x,].
nzx,.z_[zx,}
i=1 i=1

Summary

In this lesson, we apply our optimization technique to curve fitting. Given a set of data points in the plane,
we show how to find the line that best fits the data. This least squares regression line is used extensively in
real-life models of data sets that are nearly linear. After we show an application to systolic blood pressure, we
look briefly at the surprising situation in which the data is nearly vertical.

Example 1

Find the least squares regression line for the four points in the plane (-3, 0), (-1, 1), (0, 2), (2, 3).

Solution

For this example, n = 4, and we have the following sums.

4 4
Dx=-3-140+2=-2,>"y,=0+1+2+3=6.
i=1

i=1

4 4
Dy, =0-14046=5>(x) =9+1+0+4=14.
i=1 i=1
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Lesson 8: Linear Models and Least Squares Regression

So, the slope is

n n

M2ANT2N2Y 4s) (a6 _a0e12_32_ 8

a= i=l =1

n
DI
i=1

jz 4(14)—(=2)* 56-4 52 13

b
n
Xi

i=1

and the y-intercept is
S oSy |2 68 (o)) = L[ 00D +16 _L(%)_ﬂ
b—n(Z% "Zx"j_4(6 13 2))_4( 13 ) 4\13)" 26

The least squares regression line is f(x) —axt+b=3 x4+ 47

13 26
(See Figure 8.1.)
Example 2

The ages x (in years) and systolic blood pressures y of a man

are shown in the graph. Find the least squares regression line

for this data. Then, use the line to approximate the change in

. . . Figure 8.1
systolic blood pressure for each 1-year increase in age.

(See Figure 8.2.)

Solution

(70, 199)
(64, 183)

Using a graphing utility, you obtain the line y = 1.6x + 84. + (45, 165)

. 1 [
From the slope, you see that the systolic blood pressure ' 159)

changes by approximately 1.6 for each 1-year increase in age. (25,122)

Study Tips i y=1.6x+84

Blood Pressure

e The formula for the least squares regression line is +

. . . . | | | | | | | |
I I I I I I I 1
derived by minimizing the sum of the squares of the D0 0 40 0 o 70 w0

differences between the data and the line: Figure 8.2

$=3[ /()T =3fan +0-2T-

e  Most graphing utilities have built-in capabilities for calculating the least squares regression line. For

Example 1, your calculator will give the very accurate approximation y = 0.61538x + 1.80769.

e You can also fit many other curves to sets of data, including polynomial, exponential, logarithmic, and

trigonometric functions.
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Pitfalls

e  The least squares regression line is not a good approximation for nearly vertical data. For example, for

the three points (2, 2), (2, 1), and (2.1, 1.5), the least squares regression line is horizontal, y = 1.5.

e Ifyour data is not nearly linear, you might want to use a different least squares model. For instance, if
the data seems quadratic, you might use a second-degree polynomial to approximate the data.

1. Find the least squares regression line for the points (1, 0), (3, 3), and (5, 6).
2. Find the least squares regression line for the points (0, 0), (1, 1), (3, 4), (4, 2), and (5, 5).

3. Use a graphing utility or computer to find the least squares regression line for the points (0, 6), (4, 3),
(5,0),(8,—4), and (10, =5).

4. Use a graphing utility or computer to find the least squares regression line for the points (6, 4), (1, 2),
(3,3),(8,6),(11,8),and (13, 8).

5. An agronomist used four test plots to determine the relationship between the wheat yield y (in bushels per

acre) and the amount of fertilizer x (in hundreds of pounds per acre). The results are as follows.
(x,»): (1.0,32), (1.5, 41), (2.0, 48), (2.5, 53)

Use a graphing utility or computer to find the least squares regression line for the data, and use the model
to estimate the yield for a fertilizer application of 160 pounds per acre.

6. A store manager wants to know the demand y for an energy bar as a function of price x. The daily sales for
three different prices of the energy bar are as follows.

(x,y): (1.29, 450), (1.49, 375), (1.69, 330)

Use a graphing utility or computer to find the least squares regression line for the data, and use the model
to estimate the demand when the price is $1.59.
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Lesson 9: Vectors and the Dot Product in Space

Vectors and the Dot Product in Space
Lesson 9

|
Topics
e  Vectors in space.
e  The dot product of two vectors.
e The angle between two nonzero vectors.
e Lines in space.
Definitions and Theorems
e Vectors in space are denoted by v = (vl , Vs, v3>, where v, v,, and v, are the components of the
vector. The zero vector is 0 = (0, 0, 0), and the standard unit vectors are i = <1, 0, O>, j= <0, 1, 0),

k=(0,0,1).

e  The length or magnitude of the vector v is ||V|| =i+, v

e  Two vectors are equal if they have the same components—that is, if they have the same length

and direction.
e Two nonzero vectors u and v are parallel if u = cv for some nonzero scalar c.
e The dot product of u = <u1, U,, u3> and v = (vl, vy, v3> IS Wev =u,v, +u,v, +u;v;.
e  Two vectors are orthogonal (perpendicular) if their dot product is zero.

e If@is the angle between the two nonzero vectors u and v, then cos@ = —~v—

[l

e Lines in space: Consider the line L through the point P(x , y,, z,) and parallel to the direction

vector v = <a, b, c) . The line L consists of all points O(x, y, z) for which FQ is parallel to v,
P_Q = (x X, Y=V, Z— zl> = t<a, b, c> =tv. The parametric equations for the line are

x:x1+at
y=y tbt

z:zl+ct.
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Summary
We extend our knowledge of vectors in the plane to vectors in space. The formulas for length, dot product, and
angle are easy generalizations of the corresponding definitions from elementary calculus. We then show how

to define lines in space using vectors. We develop the parametric equations for lines in space and illustrate this

new idea with examples.

Example 1

Determine if the points P(1, -2, 3), O(2, 1, 0), and R(4, 7, —6) are collinear.

Solution

There are at least two ways to solve this problem. You could form the vectors P—Q and PR and see if they are

parallel. Or, you could see if the sum of the distances between two points equals the distance between the third

pair. To this end, notice that

d(P,0)=/(2-1) +(1+2) +(0-3)" =IO

d(P.R)=(4-1)" +(7+2)" +(-6-3)" =171

d(Q.R)=/(4-2) +(7-1)" +(-6-0)" =J76.

So, we have PO+ QR = J19 +J76 =19 +2/19 =319 =171 = PR, which implies that the points
are collinear.

Example 2

Consider the three vectors u = <3, -1, 2), V= (—4,0, 2), and w = (1, -1, - 2). We have
uev=73(-4)+(-1)0+2(2)=-8anduew =3(1) + (—1) (1) +2(-2) = 0. This implies that the vectors
u and w are orthogonal.

Example 3

Find the angle between the vectors u = <3,—1,2> and v = (—4,0, 2).

Solution

The cosine of the angle is cos § =

uv _ 8 _ 4
[ufllv] ~14v20 70

Using a graphing utility and the inverse cosine button, you obtain 6 = arccos( \/%j ~2.069 =118.56°
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Example 4

Find the parametric equation of the line that passes through the point (1, —2, 4) and is parallel to the vector
v=(2,4,-4).

Solution

Using the formula for parametric equations, we have x =x, +at=1+2t,y =y + bt =2 + 4¢, and
z=z tct=4-41

Study Tips

e Lines in space are described using a point and a direction vector. This is quite different from lines in

the plane, for which we use slope and y-intercept.

e  The parametric equations in Example 4 are x =1 + 2¢, y = —2 + 4¢, and z = 4 — 4¢. Notice that for
¢t =0, the equations yield the original point (1, =2, 4). As ¢ varies on the interval (—o, ©), the point
(x, v, z) moves up and down the line.

Pitfall

e  The dot product of two vectors is a scalar (real number). In the next lesson, we will define the cross

product of two vectors, which is a vector.

1. Find the component form and magnitude of the vector having initial point (3, 2, 0) and terminal point
(4,1,6).

2. Find the length of the vector v =(1,3,4).

3. Determine if the points (1, 2, 4), (2, 5, 0), and (0, 1, 5) are collinear.
4. Find the dot product of the vectors u = <2, -1, 1) and v = (1, 0, —1>.
5. Find a unit vector in the direction of the vector v = (2, 1, - 2).

6. Find the angle between the vectors u = 3i + 2j + k and v = 2i — 3j.

7. Find the angle between the vectors u = 3i + 4j and v = 2j + 3k.
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10.

Find a set of parametric equations for the line through the point (0, 0, 0) and parallel to the vector
v=_3,15).

Find a set of parametric equations for the line through the point (=3, 0, 2) and parallel to the vector
v=(0,6,3).

Find a set of parametric equations for the line through the points (7, -2, 6) and (-3, 0, 6).
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Lesson 10: The Cross Product of Two Vectors in Space

The Cross Product of Two Vectors in Space
Lesson 10

|
Topics
e  The cross product of two vectors in space.
e Properties of the cross product.
e  The triple scalar product.
Definitions and Theorems
e The cross product of the vectors u = uji+u,j+uk = <u, Uy, u3> and v=vii+v,j+v;k = (vl , Vs, v3> is
i j Kk
uUxXv=\u u, U= (u2v3 — Uy, )i —(u1v3 — Uy, )j + (u1v2 — U,V )k.
e The cross product u X v is orthogonal to u and to v. That is,
(uxv)ou=0 and (uxv)ev=0.
e Additional properties of the cross product:
uxu=0,uxv=—(vxu),andux(v+w)=(uxv)+(uxw).
e  The area of the parallelogram having the vectors u and v as adjacent sides is ||u X v|| = ||u||||v||sin 0.
U U, U

e  The triple scalar product is the scalar u-(v x w) =lv, v, .

W W, Wy

The volume of the parallelepiped with u, v, and w as adjacent sides is V = uo(v X w)|

Summary

The cross product of two vectors in space is a vector, not a scalar. We calculate cross products using a

determinant formula. One of the most important properties states that the cross product of two nonzero vectors
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is a vector orthogonal (perpendicular) to both of the original vectors. In other words, the cross product is
orthogonal to the plane determined by the original vectors. We present some of the basic properties of the cross
product and close with the triple scalar product, which combines the dot product and cross product.

Example 1

Calculate the cross product of the vectors u =i— 2j + k and v=3i +j — 2k.

Solution

We evaluate the cross product by expanding the determinant along the first row.

i j k
=2 1|, 1|, 1 =2
uxv=[l 2 1|= i— jt k
I =21 3 2" 3 1
31 =2

=(4-1)i—-(2-3)j+(1+6)k=3i+5j+7k

Notice that the cross product is orthogonal to each of the original vectors.

Example 2 u v
Find the area of the parallelogram having adjacent sides u =i+ j + k and
v =j+Kk. (See Figure 10.1.)
.
x '
Solution Figure 10.1

The cross product of the two vectors is u X v =—j + K, and the area is
therefore the length of this vector, ||u X v|| =J2.

Example 3

Find the volume of the parallelepiped with adjacent sides
u=i+j,v=j+k,and w=i+Kk. (See Figure 10.2.)

Solution

=2, which implies

— O

1 1
The triple scalar product is u-(v X W) =0 1
that the volume is 2. 10

Figure 10.2
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Study Tips

Pitfalls

Keep in mind that the cross product of two vectors is orthogonal to the original vectors. You can use

this fact to check your calculations.

The words “orthogonal” and “perpendicular” mean the same thing. Another term that we will use is
“normal” in the sense that a vector is normal to a plane.

The definition of the cross product is based on a determinant calculation. You might be familiar with

2 x 2 determinants,

a b
‘zad—bc.
d

c

1 2
For example, 3 4‘ =1(4)-2(3)=-2.

In the formula for the volume of a parallelepiped, notice that we are using the usual absolute value.

In Example 1, we observed that the cross product was u x v = 3i + 5j + 7k. Reversing the order, you
obtain the negative of the original cross product: v x u=—(3i + 5j + 7k) = -3i — 5j — 7Tk = —(u x v).

The cross product of two vectors in space is not commutative. In fact, u x v=—(v x u).
Don’t forget the minus sign in front of the j term when finding the cross product.

The cross product is only defined for vectors in space (3-tuples). That said, you can find the cross
product of (1, 2, 0) and (-3, 1, 0). The answer is 7K.

The dot product of two vectors is a scalar (real number), whereas the cross product is a vector.

1. Find the cross products k x i and i x k. What do you observe?

2. Find the cross product of the vectors u = <7, 3, 2) and v = (1, -1, 5).

3. Find the cross product of the vectors u= <3, 1, - 2) and v = (1, -2, 1).

4. Show that the cross product of i + j + k and j + k is orthogonal to each of these vectors.
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5. Find a vector orthogonal to the vectors i and 2j + k.

6. Letv= (1, 0, - 2) and calculate v x v. What do you observe?

7. Find a unit vector orthogonal to the vectors (1, 2, 0) and <3, -4, 0).

8. Find the area of the parallelogram having adjacent sides <3, 2, — 1) and <1, 2, 3).

9. Find the volume of the parallelepiped with adjacent edges (1, 3, 1), <0, 6, 6), and (—4, 0, - 4).

10. Find the volume of the parallelepiped with vertices (0, 0, 0), (3, 0, 0), (0, 5, 1), (2,0, 5), (3, 5, 1), (5, 0, 5),
(2,5,6),(5,5,6).

11. Find a vector orthogonal to the triangle formed by the points 4(1, 1, 2), B(2, 0, —1), and C(4, -7, 0).
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Lesson 11: Lines and Planes in Space

Lines and Planes in Space
Lesson 11

Topics

40

The definition of a plane in space.

The angle between two planes.

Projections of vectors onto vectors.

The distance between a point and a plane.

Definitions and Theorems

Planes in space: Let P(x,, ,, z,) be a point on the plane, and let n = (a, b, c> be a nonzero vector
orthogonal to the plane. The plane consists of all points Q(x, y, z) for which the vector PQ is
orthogonal to n. That is, the dot product is zero: n-FQ = (a, b, c>-<x —X, Y=V, Z— zl> =0.
Simplifying, we obtain the standard form of the equation of the plane, a(x —x,) + b(y —y,) +

c(z—2z)=0.
The general form of the equation of the plane is ax + by + cz + d= 0.

uev
The projection of the vector u onto the vector v is proj, u = [”V |2 ]v.

The angle between two planes is the same as the angle between their normal vectors.

The distance between a plane and a point Q not in the plane is

- 72 L2

[nf [nfl

where P is any point in the plane.

Summary

We define planes in space using a point in the plane and a normal (perpendicular) vector to the plane. This
analysis gives rise to the standard equation and general equation of a plane in space. The cross product plays a
major role in the discussion. The projection of one vector onto another was studied in elementary calculus, and
we extend this idea to vectors in space. This leads to a beautiful formula for the distance between a point

and a plane.



Example 1 (=2,1,4)

i

Find the general form of the equation of the plane containing the three

points 4(2, 1, 1), B(0, 4, 1), C(-2, 1, 4). (See Figure 11.1.) /
e AN
Solution x! A2, 1,1) B0, 4. 1) |\|
y
Figure 11.1

To find the equation, we need a point in the plane (there are three to

choose from) and a normal vector to the plane. To find the normal vector,

we compute the cross product of the vectors formed by joining the points:
AB=(0-2,4-1,1-1)=(-2,3,0)

AC=(-2-2,1-1,4-1)=(-4,0,3).

Their cross product is

i J ok
n=ABxAC=|-2 3 0|=9i+6j+12k=(9,6,12).
4.0 3

Using this normal vector and the point 4(2, 1, 1), we have the standard form of the plane,
a(x—x)+b(y—y)+tec(z—z)=9(x—2)+6(y—1)+12(z— 1) = 0. This simplifies to the general form
3x + 2y +4z— 12 =0. You can check that each of the original three points satisfies this equation.

Example 2
Find the angle between the two planes x + 2y +3z=6 and 2x + 3y —z=0.
Solution

The angle between the planes is the same as the angle between their normal vectors, n, = (1, 2, 3>
and n, = (2, 3, —l>.

nen, (12,3)«(2,3,-1) _246-3_5
[

The cosine of the angle between these vectors is cos & =

n| 14414 14 1a
which implies that 6 = 69.1°. | 2" V1414

Example 3

Find the projection of the vector u = (5, 10) onto the vector v = (4, 3>.
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Lesson 11: Lines and Planes in Space

Solution

The formula for projection gives

proj, u = [ u-y ]v _| $5.10)4.3) (4,3)=2%(4,3)=2(4,3)= (3, 6).

2 2 25
M (4. 3)] ’
(See Figure 11.2.) 04 u= (5, 10)
Example 4 8T
oL pr0]'= <8, 6)
Find the distance between the point (0, 0, 0) and the plane T e
2x+3y+z=12. 4T
1 v=(4,3)
Solution -
, "2 4 6 8 10
The normal vector to the plane is n = (2, 3, 1) . Figure 112

Setting y = z = 0, we obtain the point P(6, 0, 0) in the plane. Hence, FQ = (0 -6,0-0,0— O> = <—6, 0, 0).

The distance D_‘P—Q'" _[(=6.0.0)-23.1) _|-19] 12
€ distance 18 = "n" = \/4+9+1 _\/ﬁ_m.

Study Tips

e  For the plane ax + by + cz + d = 0, the coefficients are the components of the normal vector to the
plane, n = <a, b, c).

e  The words “orthogonal,” “perpendicular,” and “normal” pretty much mean the same thing.

e In Example 1, we could have used the normal vector <3, 2, 4), which is a scalar multiple of (9, 6, 12).

e  Two distinct planes are parallel if their normal vectors are scalar multiples of each other. For instance,
the planes 3x — 2y +z =6 and 6x — 4y + 2z = 7 are parallel because their normal vectors n, = (3, -2, l>

and n, = (6, -4, 2) satisfy n, = 2n,.

e  Two planes are perpendicular (orthogonal) if their normal vectors are perpendicular—that is, if the

dot product of the normal vectors is zero.
e In the formula for the distance between a point Q and a plane, the choice of the point P in the plane is
arbitrary. For instance, you would have obtained the same answer in Example 4 if you had chosen the

point P(0, 2, 6).
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Pitfall

e Three points in space do not necessarily determine a plane. If the points are collinear, then there is an

infinite number of planes containing the three points.
1. Find an equation of the plane passing through the point (1, 3, —=7) and perpendicular to the vector n = j.

2. Find an equation of the plane passing through the point (—1, 4, 0) and perpendicular to the line
x=—1+2t,y=5—-t,z=3-2t.

3. Find an equation of the plane passing through the three points (0, 0, 0), (2, 0, 3), and (-3, -1, 5).

4. Find the angle between the two planes 3x +2y —z=7 and x — 4y + 2z =0.

5. Determine whether the planes 5x — 3y +z =4 and x + 4y + 7z = 1 are parallel, orthogonal, or neither.

6. Determine whether the planes 3x +y — 4z =3 and —9x — 3y + 12z = 4 are parallel, orthogonal, or neither.

7. Find the parametric equations of the line that passes through the point (2, 3, 4) and is perpendicular to the
plane given by 3x + 2y —z=6.

8. Find the parametric equations of the line that passes through the point (2, 3, 4) and is parallel to the xz-
plane and the yz-plane.

9. Find the distance from the point (0, 0, 0) to the plane 5x +y —z = 9.

10. Find the distance from the point (1, 3, —1) to the plane 3x — 4y + 5z = 6.
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Lesson 12: Curved Surfaces in Space

Curved Surfaces in Space
Lesson 12

I
Topics

e  Spheres and planes.

e  Cylindrical surfaces.

e  (Quadric surfaces.

e  Surfaces of revolution.

e  The Mobius strip.

Definitions and Theorems

e Sphere of center (x,, ,, z,) and radius : (x —x ) )* + (y =y ) + (z =z ) = .

e Plane in space: ax + by +cz+d=0.

e Let Cbeacurve in a plane, and let L be a line not in a parallel plane. The set of all lines parallel
to L and intersecting C is called a eylinder. C is the generating curve, and the parallel lines are
the rulings.

e The general equation of a quadric surface is

Ax*+By*+ CZ2+ Dxy+ Exz+ Fyz+ Gx+ Hy + Iz +J = 0.
Summary
We have already seen many graphs of surfaces in space, including planes and spheres. In this lesson, we focus
on various types of surfaces that play a role in our study of multivariable calculus. We first look at cylindrical
surfaces, a generalization of the familiar cylinder. Then, we present the class of surfaces called quadric
surfaces. We have already seen some of these, including paraboloids and ellipsoids. We briefly mention
surfaces of revolution, which will seem familiar from elementary calculus. Finally, we show the famous

Mobius strip, a surface with only one side.

Example 1

Sketch the surface z = ).
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Solution

The graph is a cylinder whose generating curve z = )? is a parabola
in the yz-plane. The rulings of the cylinder are parallel to the x-axis.
(See Figure 12.1.)

Example 2

Sketch the surface given by 4x? —3y? + 1222 + 12 =0.

Solution

We rewrite the equation as follows:

Figure 12.1
4x* =3y* +122 =12

x* Y 2
iz =1
34

z
y_z_x_z_i_l T
4 3 1 1

This is a hyperboloid of two sheets. The traces in the xy-plane
(z=0) and in the yz-plane (x = 0) are hyperbolas. There are no
traces in the xz-plane (y = 0). (See Figure 12.2.)

Example 3

Sketch the surface given by x> + 2y + 22 —4x + 4y — 2z + 3 =0.
Figure 12.2

Solution

By completing the square, you obtain the equation of an ellipsoid z
centered at the point (2, —1, 1):

(x-2)’ +(y+1)2 +(z—1)2 =1
4 2 4

(See Figure 12.3.)

Figure 12.3
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Example 4

If you rotate y = l, z >0, about the z-axis, you obtain the surface of
z

2
revolution x* +y* = (lj . (See Figure 12.4.)
z

Study Tips

Y

producing graphs of surfaces in space. Figure 12.4

e  Computers and graphing calculators are very useful in

e Quadric surfaces are the three-dimensional analogs of conic sections.
e  The Mobius strip is an example of a surface with only one side.
Pitfalls

e The word “cylinder” can be misleading. In calculus, a cylinder does not have to look like the usual

“tin can,” as illustrated in Example 1.

e The graph of an equation depends on whether you are working in a plane or space. For instance, the

equation z = x? is a parabola in the xz-plane, but it is a cylinder in space.
1. Describe the surface y = 5.

2. Describe the surface y* +2z2=9.

xZ y 2 ZZ
3. Identify th dri face —+=—+-—=1.
entify the quadric surface T=+52+>2
4. Identify the quadric surface 16x2 —y? + 1622 = 4.
5. Identify the quadric surface 4x2 —)? — 22 = 1.
6. Identify the quadric surface x> —y +z2=0.

7. Identify the quadric surface 16x? + 9)2 + 162> — 32x — 36y + 36 = 0.

8. Identify the quadric surface 9x* +)? — 922 — 54x — 4y — 54z + 4 = 0.
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9. Find an equation of the surface of revolution generated by revolving the curve z2 = 4y in the yz-plane about

the y-axis.

10. Find an equation of the surface of revolution generated by revolving the curve z =2y in the yz-plane about
the z-axis.
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Vector-Valued Functions in Space
Lesson 13

|
Topics

e  Vector-valued functions.

e The derivative of a vector-valued function.

e Integrals of vector-valued functions.

e  Particle motion.

e  The unit tangent vector.

e  Arc length and the differential of arc length.

Definitions and Theorems

o , , _r(r+Ar)—r(1)
e  The derivative of a vector-valued function: r'(r) = llrr}) —Q
f—

e  The derivative of the cross product: %[r X u] =rxu’+r'xu.

e Particle motion

Position: r(7)=x(2)i+y(#)j +z(7)k.
Velocity: v(z)=r'(r) =x'(1)i+y'(¢)j + 2 (¢)k.
Acceleration:  a(z)= r”(t) =x" (#)i +y"(t)j +z"(7)k.

Speed: "v(t ”—\/[ +[y +[z'(t)]2.

e Arclength: 5= f\/[x’(t)T+[y'(t)]2+[z'(t)]2 dt= | r'(t)"dt.

48

e Vector-valued functions: r(r)= f(1)i+g(¢)j+h(r)k = <f(t), g(1), h(t)>.

e The differential of arc length: ds = \/[x’(t)]2 +[y’(t)]2 +[z'(t)]2 dt = "r’(t

)|



Summary

In this lesson, we extend our knowledge of vector-valued functions in the plane to functions in space. We recall

the definition of the derivative of a vector-valued function and develop some of its properties. We then focus
on one of the main themes of calculus—particle motion. We define the position, velocity, and acceleration
functions. The unit tangent vector is introduced and will play an important role in upcoming lessons. Finally,

we recall the definition of arc length of a curve.

Example 1

Calculate the first and second derivatives of the vector-valued function for the helix r(z) = coszi + sin#j + 2k
Solution

We differentiate the components to obtain r'(z) = —sinzi + cosj + 27k and r"(z) = —cos¢i — sinfj.

Example 2

Calculate the derivative of the dot product of the vector-valued functions r (t) = %i —j+Inzk and
u(r)=r’i-2+k.

Solution

We can do this problem two ways. We could first take the dot product and differentiate the result:

r(t)eu(z) = %(ﬂ) + (=1)(—2¢) + Inz(1) = ¢+ 2t + Inz = 3¢ + Int.

The derivative is therefore %[r (7)u (Z)J d [3t+In7]=3+ %

T

Or, we could use the product rule for the dot product, [r(z)-u(t)]' =r(r)eu'(1)+r'(¢)ou(r). We will,

of course, obtain the same answer.

Example 3

Find the antiderivative of the function r’ (t) =cos2fi—2sintj+ %k .
+

ZZ

Solution

We integrate term by term: r (t) = %sin 2fi+2costj+arctan 7k + C . Notice that the constant of integration is a

vector, not a scalar.
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Example 4

An object is moving with position function r (t) =4costi+4sintj+3rk. Find its velocity, acceleration,

and speed.

Solution

We calculate the first and second derivatives to obtain the velocity and acceleration:
v(z) =r'(¢) = —4sinti + 4 costj + 3k and a(z) = r"(¢) = —4 cos ti —4sin¢j.

The speed is given by

V@O =r @)= V¥ ()] +[ ()] +[=()] = VT6sin 1416005 149 = V1649 =5.

(See Figure 13.1.)

Example 5
Find the arc length of one turn of the helix

r(z) =4costi+4sintj +3rk, 0 <1< 2x.
Solution
The arc length is given by

s=[J[¥OT [y +[2()] a

= ["[-4sine]" +[4cos ] +[3]" ar

27 Figure 13.1
= ["sdi=107.

Study Tips

e  You can evaluate the derivative of a vector-valued function by differentiating the individual
components. That is, if r(¢) =/ (¢)i + g(¢)j + h(z)k, then the derivative is r'(z) = £'(¢)i + g'(¢)j + A'(1)k.

e The derivative vector is tangent to the curve and points in the direction of motion.

50



e  The unit tangent vector in Example 4 is a unit vector pointing in the direction of motion,

()= _

(—4sinzi+4costj+3k).

e  You can integrate a vector-valued function by integrating the individual components. Furthermore,

you can combine the constants of integration into one constant C, which is a vector.

Pitfall

e The constant of integration C for a vector-valued function is a vector, not a scalar.

1.

Calculate the derivative of the function r() = %i +16tj+ %k.

Calculate the derivative of the function r() = <t3 ,cos 37, sin 3t>.

Calculate r'(1)er"(¢) if r(r)= <%t2, —t, %t3>.

Find the indefinite integral j(2t1 +j+k)dr.

Evaluate the definite integral ‘[)% [(sec rtant )i+ (tans)j+(2sinzcosr) k] dt.

Find the velocity, speed, and acceleration of a particle moving with position function r(z) = 4¢i + 4¢j + 2¢k.
Find the unit tangent vector to the curve r(r)= (2 cost,2sint, 4).

Find the unit tangent vector to the curve r(z) = 7i + £2j + 7k at the point (0, 0, 0).

Find the arc length of the space curve r(¢) = —ti + 4¢j + 37k over the interval 0 <7< 1.

10. Find the arc length of the space curve r(t) = <2 sint,5¢,2 cos t) over the interval 0 < ¢ <.
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Lesson 14: Kepler’s Laws—The Calculus of Orbits

Kepler’s Laws—The Calculus of Orbits
Lesson 14

52

Topic

Kepler’s laws.

Definitions and Theorems

Kepler’s first law: The orbit of each planet is an ellipse, with the Sun at one of the two foci.
(See Figure 14.1.)

Kepler’s second law: A line joining a planet and the
Sun sweeps out equal areas during equal intervals of
time. (See Figure 14.2.)

Kepler’s third law: The square of the orbital period Figure 14.1
of a planet is directly proportional to the cube of the

semimajor axis of the orbit.

Newton’s second law of motion: F = ma.

GMm

r3

Newton’s law of gravitation: F =—

r.

Here, F is the gravitational force on the planet,

M is the mass of the Sun, m is the mass of the planet,

r" is the length of the

position vector. Figure 14.2

G is a constant, and r =

Summary

Kepler’s famous laws of planetary motion were announced by the German astronomer and mathematician
Johannes Kepler (1571-1630). His three laws were based on a 20-year study of astronomical data compiled by
the Danish astronomer Tycho Brahe. Isaac Newton later used calculus to derive these laws from basic laws of

physics. In this lesson, we will study these three laws and use our calculus skills to prove the second law.



Example 1

Show that a given planet always moves in a plane.

Solution

Recall that the cross product of a vector with itself is zero. In fact, the cross product of parallel vectors is zero:

Ifu=ui+uj+ukandv=cu=cui+cuj+ cukare parallel vectors, then
i j k
uxcu=|u, U, U :(uzcu3 —u3cu2)i—(ulcu3 —u3cu1)j+(ulcu2 —uzcu])k:O.
cu, cu, Ccuy

From Newton’s second law of motion and the law of gravitation,

F=ma=-

G]\;Im r GM r

Sa=-—
r r
This means that a and r are parallel, so their cross product is zero, rxr”=rxa=0.
Next, consider the following derivative: %[r X r'] =r'xr'+rxr"=0.

Because the derivative is zero, r x r' is a constant—for example, r x r’ = L. So, the planet moves in a plane

orthogonal to this constant vector L. That is, the vector r lies in a plane orthogonal to L.
Example 2

Prove Kepler’s second law.

Solution

Begin by writing the position function in polar coordinates, r = r(cos 6i+sin t9j) .

Then, we have ||r|| =randr' = % = r(—sin 6i+ cos Qj)%. We calculate the cross product of r and

its derivative:

i j k
rxr'=|rcos@ rsin® Oﬁ

dt
—rsin@ rcosd O

do, _,.do

— 2 26 : 20 — .
r (COS +s1n )dl‘ r dr
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Lesson 14: Kepler’s Laws—The Calculus of Orbits

So, now we have rxr’ =r? % and r x r' = L, which implies that ||r X r'|| = ||L|| =7’ %

Consider the area swept out between 6 = a and 0 = f5. In polar coordinates, the area is

Ly 1 2dl 1 1
A—E a}" d@—z tul" Edt—a.[;"L"dt—EHL"(tl—fo)
So, for the time interval [z, 7 ], the area swept out is constant. In other words, for time intervals of equal length,

the areas swept out are the same, which proves Kepler’s second law.
Example 3

For the planet Mercury, a = 0.3871 and P = 0.2408. Kepler’s third law is verified because a* = 0.05800 and
P?=0.05798, which are very close.

Study Tips

e The orbital period for Earth is P =1 year.

2

2
e The semimajor axis of the ellipse x_2+y_ =1,a > b, is a. In astronomical units (AU), a = 1.
a

b2

e Recall the formula for area in polar coordinates: 4 :% ’ r*do.

a

1. Halley’s Comet has an elliptical orbit with the Sun at one focus and has an eccentricity of e =~ 0.967.
The length (2a) of the major axis of the orbit is approximately 35.88 astronomical units (AU).
(An astronomical unit is defined as the mean distance between Earth and the Sun, 93 million miles.)

A polar equation for the orbit is

- ed
l+esiné’

Find the value of d. Then, use the fact that ¢ = ea is the distance between the focus and the center to

determine how close the comet comes to the Sun.

2. The asteroid Apollo has a period of 661 Earth days, and its orbit is approximated by the ellipse
1 9

7 —

) 1+(%)cos6’ - 9+500s6”

where 7 is measured in astronomical units. The area of this ellipse is approximately 5.46507.
Use a graphing utility to approximate the time it takes Apollo to move from the position given by
0=-n/2t0 0=rn/2.
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Topics

Directional Derivatives and Gradients
Lesson 15

Directional derivatives.

The gradient of a function of two or more variables.

Properties of the gradient.

Gradients and level curves.

Gradients and level surfaces.

Definitions and Theorems

Let u = cos#i + sinfj be a unit vector in the plane, and let f'be a differentiable function of x and y.
The directional derivative of /in the direction of u is

D, f(x,y)=f.(x,y)cos60+ f,(x, y)sin6.

Let z = f(x, y) be a function whose partial derivatives exist. The gradient of /s the vector

gradf(x, y) :Vf(x, y) =f. (x, y)i+f}, (x, y)j.
Theorem: D, f(x, y)=Vf(x, y)-u.

Theorem: D, f(x, y) = "Vf (x, y)”cos #, where g is the angle between the gradient and the unit

vector u. The directional derivative is a maximum when cos¢ = 1 and a minimum when cos ¢ = —1.

Theorem: If fis differentiable at the point (x,, y,) and Vf (xo, yO) #0, then Vf (xo, yO) is orthogonal
to the level curve through the point (x, y,). In a similar manner, gradients of functions of three

variables are orthogonal to level surfaces.

Summary

In this lesson, we continue our study of functions of two or more independent variables. We first generalize the

concept of partial derivative to the so-called directional derivative. This leads to the definition of the gradient

of a function of two (or more) variables. We will see that the gradient is a vector that points in the direction of
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Lesson 15: Directional Derivatives and Gradients

maximum increase (steepest ascent). Finally, we discover that the gradient vector in the plane is orthogonal
to level curves. And in space, the gradient is orthogonal to level surfaces. This will be a key result when we

develop tangent planes to surfaces in the next lesson.
Example 1

Find the directional derivative of f(x,y)=4-x> —% y* at the point (1, 2) in the direction of

T
u=|cosZ |i+|sinZ j-

3 3
Solution
Dof (%, ¥)= f.(x, y)cos 6+ £, (x, y)sin 0 = (-2 cos¢9+(—%]smo9.
We have e:%, x=1y=2,50 D,f(L,2)=(-2) ( j_—l—iz—l 866.
Example 2

Find the gradient of the function f(x, y) = ylnx + x)? at the point (1, 2).
Solution
The partial derivatives are f, (x, y) = %+ y* and fy (x, y) =Ilnx+2xy.

So, we have Vf (x, y)=f.(x, y)i+ f, (x,y)j=(%+y2)i+(lnx+2xy)j.

At the point (1, 2), V£ (1,2) = (%4_22

)i+(ln1+ 2(1)(2)) j = 6i +4j.

Example 3

The gradient of the function of three variables f(x,y,z)=x>+y> -4z is
Vf(x, ¥, z) = (x5, 2)i+ f,(x,y, 2)j+ f.(x, y, 2)k =2xi + 2yj - 4Kk.

Atthe point (2, -1, 1), Vf(2,-1,1)=4i-2j-4k.

Consider a level surface through this point

f(2,-1,1)=22+(-1)>—4(1) = 1. The gradient vector

is orthogonal to the level surface through the point
2 2 _ _ 1 2 2
X +y —4Z—132—Z(x +y —1).

In this case, the gradient is pointing downward at the point
(2, -1, 1) on the paraboloid. (See Figure 15.1.) Figure 15.1
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Study Tips

e The directional derivative is a number. If & = 0, then the directional derivative is just the partial

derivative f,(x, y). Similarly, if 0 = 90° = 7/2, then the directional derivative is / (x, y).
e  The gradient of a function of two (or more) variables is a vector-valued function.

e  Gradients of functions of two variables are orthogonal to level curves, and gradients of functions of

three variables are orthogonal to level surfaces.

Pitfalls

e In the definition of directional derivative, the direction vector u must be a unit vector.

e  Furthermore, the function f must be differentiable. You can consult a calculus textbook for a more

general definition of directional derivative involving limits.

1.

10.

Find the directional derivative of the function f(x, y) = 3x — 4xy + 9y at the point P(1, 2) in the direction

3., 4.
_J’__.
of v==i+—j

Find the directional derivative of the function /' (x, y) = e*siny at the point P(1, 7/2) in the direction of

v=-i.

Find the directional derivative of the function f (x, y, z) = x* + y? + z? at the point P(1, 1, 1) in the direction
ofv=i—j+k

Find the gradient of the function f(x, y) = 3x + 5y* + 1 at the point (2, 1).

Find the gradient of the function z = In(x? — y) at the point (2, 3).

Find the gradient of the function f'(x, y, z) = 3x* — 5% + 222 at the point (1, 1, —2).

Find the maximum value of the directional derivative of the function /' (x, y) = x> + 2xy at the point (1, 0).
Find the maximum value of the directional derivative of the function f'(x, y, z) = xy*z* at the point (2, 1, 1).
Find a normal vector to the level curve f(x, y) = 6 — 2x — 3y = 6 at the point P(0, 0).

The temperature at the point (x, y) on a metal plate is 7 =

> Find the direction of greatest increase

. . Xty
in heat from the point (3, 4).
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Lesson 16: Tangent Planes and Normal Vectors to a Surface

Tangent Planes and Normal Vectors to a Surface
Lesson 16

[
Topics
e Normal vectors to surfaces.
e  Tangent planes to surfaces.
Definitions and Theorems
e  Consider a surface given by F (x, y, z) = 0. This is a level surface, so the gradient vector n = <a,b,c>
is normal to the surface at any point (xo, Voo zo) on the surface. This vector, together with the point,
determines the tangent plane to the surface. The equation of the tangent plane is
a(x=x,)+b(y—y,)+c(z—z)=0.
e The equation of the tangent plane can be written as
F, (x07y0520)(x_x0)+Fy (XanOaZO)(J’_J’o)"'Fz (XOaJ’o:Zo)(Z_Zo) =0.
Summary
In this lesson, we show how to find the equation of a tangent plane to a surface. The secret is to use the fact
from the previous lesson that gradients are orthogonal to level surfaces. We also show that approximations by
the total differential are equivalent to using the tangent plane to approximate the surface.
Example 1
The level surface F (x, y, z) = 0 for the function of three
variables F (x, y, z) = x> + )2 + z> — 9 is a sphere of radius 3,
F(x,y,z)=x*+y*+22=9=0,0r x> +)* +22=0.
The gradient of the function is VF(x, ¥, z) =2xi+2yj+2zk,

which is normal to the surface at the point (1, 2, 2),
VF(1,2,2)=2i+4j+4k. (See Figure 16.1.)

Example 2
Figure 16.1

Find the equation of the tangent plane to the surface z = x* + )? at
the point (1, 1, 2).
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Solution

Define the function of three variables F (x, y, z) =f(x, y) —z = x> + »> — z and consider the level surface

F(x,y,z)=x*+y*—z=0.

The gradient is VF(x, ¥, z) = <2x, 2y, — 1>, and VF(I, 1, 2) = (2, 2,— 1>. This vector is normal to the surface at
the point (1, 1, 2).

Using this normal vector and the given point, we have
2(x—=1)+2(y—1) = 1(z—2) = 0. So, the equation of the tangent
plane is 2x + 2y — z = 2. (See Figure 16.2.)

Example 3

Show that approximations by the total differential are equivalent to

approximating a surface by its tangent plane.

Solution

Figure 16.2
Consider the surface z = f(x, y) and form the function F (x, y, z) =f(x, y) — z.

The tangent plane at the point (x,, y,, z,) is given by

Fx(x—x0)+Fy (y—y0)+Fz (z—zo)=0

fx(xo _yo)(x_xo)"'fy(xo _yo)(y_J’o)_(Z_Zo):O

Z=2Z =fx(xo _yO)(x_x0)+fy (xo _yo)(y_yo)'
Compare this to the error formula given by the total differential

Asz;((xo,yo)AX'ny (x09y0)Ay'

Study Tips

e  For functions of three variables, the gradient vector VF (xo, Vo zo) is normal (orthogonal) to the

level surface through the point (x,, v, z,).

e The key to finding the tangent plane to a surface z = f'(x, y) is to express the equation as the level

surface of a function of three variables, F (x, y, z) = f(x, y) —z = 0, as we did in Example 2.

e As mentioned in a previous lesson, the total differential is a tangent plane approximation to a surface.

This is similar to the tangent line approximation to a curve in elementary calculus.
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Lesson 16: Tangent Planes and Normal Vectors to a Surface

Pitfall

e A function F (x, y, z) has to be “nice” in order to have a tangent plane at a point. For example, there is

no tangent plane defined at the vertex of a cone.
1. Find a unit normal vector to the surface 3x + 4y + 12z = 0 at the point (0, 0, 0).
2. Find a unit normal vector to the surface x*> + y* + z* = 6 at the point (1, 1, 2).
3. Find a normal vector to the surface z — xsiny = 4 at the point (6, z/6, 7).
4. Find a normal vector to the surface z = x> at the point (2, —1, 8).

5. Find an equation of the tangent plane to the surface z = x? +)? + 3 at the point (2, 1, 8).

6. Find an equation of the tangent plane to the surface f(x, y) = 2 atthe point (1, 2, 2).

x

7. Find an equation of the tangent plane to the surface x* + 2z* = 3 at the point (1, 3, —2).

8. Find an equation of the tangent plane to the surface x> + 4y? + z2 = 36 at the point (2, -2, 4).

9. Find the point(s) on the surface z = 3 — x> — y? + 6y at which the tangent plane is horizontal.

10. Find the point(s) on the surface z = xy + 1 + 1 at which the tangent plane is horizontal.
Xy
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Lagrange Multipliers—Constrained Optimization
Lesson 17

o ———
Topics
e Lagrange multipliers.
e  Applications to optimization problems with constraints.
Definitions and Theorems

e Lagrange’s theorem: Let fand g have continuous first partial derivatives such that fhas an extremum
at (x,, y,) on the smooth constraint curve g(x, y) = k. If Vg(x,, y,) # 0, then there is a real number
such that V/f'(x,, y,) = AVg(x,, ¥, ). The number 4 is called a Lagrange multiplier.

Summary

The method of Lagrange multipliers is a powerful technique for solving optimization problems that have
constraints. For instance, you might want to find the maximum volume of a box with the constraint that the
cost of the material for the box is fixed. We begin this lesson with a simple example of maximizing the value of
a function of two variables given a certain constraint on those variables. Then, we solve the same box problem

we saw in our previous lesson on maximum/minimum applications.
Example 1

Find the maximum value of the function f (x, ) = 4xy, where x, y > 0, subject to the constraint

2 2
gle )=+ o=l

Solution

The gradients are V/f (x, y)=4yi+4xj and Vg(x, y) =%i+%j.

We solve the equation V/f (x,y)=A4g(x,y), which implies that 4yi+4xj= ﬂzg—xi +ﬂ%j )

2

2
Hence, we have the three equations 4y = /129—x, 4x = ﬂ%, and ;C—2+Z—2 =1.
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Lesson 17: Lagrange Multipliers—Constrained Optimization

. . . 1
We now use our algebra skills to solve these equations. From the first equation, 4 =——

x
2 2 2
Substitute this into the second equation: 4x = ypas Byl =4x= 2 X Y
8 x )8 4x 9 16
5 2 2 2
Next, use the constraint equation X+ =1=2_+2 -1 2y*=16=y* =8.
37 47 16 16
Thus, we have y =2+/2 and x? :%yz :%(8):%3 x:—3f.

With these values of x and y, the maximum value is f 32 , 2\/7) = 4(%)(2\/7) =24,

Example 2

The material for constructing the base of an open box costs $3 per square foot, and the material for

constructing the sides costs $2 per square foot. For a fixed amount of money C = $1296,
find the dimensions of the box of largest volume that can be made. (See Figure 17.1.)

Solution

We want to maximize the volume of the box, f(x, y, z) = xyz,

subject to the constraint g(x, y, z) = 3xy + 4xz + 4yz = 1296.

Using Lagrange multipliers, we have

Vf(x,y,z)leg(x, y,z) d

yzi+ xzj+ xyk :/1[(3y+4z)i+(3x+4z)j+(4x+4y)k}. e

So, we must solve the following four equations in four unknowns:

yz=A(3y +4z)
xz=A(3x + 4z)
xy = A(4x +4y)
3xy + 4xz + 4yz = 1296.

Figure 17.1

This requires a lot of algebra, and the final solutionisx=y=12,z=9,and 4= % The maximum volume is

xyz =12 x 12 x 9 = 1296 cubic feet.

Study Tips

e Lagrange multipliers are particularly useful for optimization applications having side conditions

or constraints.

e  You can extend Lagrange multipliers to problems with more than one constraint.
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e  When using Lagrange multipliers, the algebra can be quite difficult.

e  You can write the constraint in different ways, but the gradient will be the same. For instance, in
2 2 2 2
Example 1, we used g(x, y)= ;C—2+Z—2 =1, but we could have used g(x,y)= ;C—2+Z—2—1 =0.

e Notice that the answer to Example 2 is the same as the one we obtained in Lesson 6. Which method

do you prefer?

Pitfalls

e The technique of Lagrange multipliers can fail Vg (x,,y,)=0.

e The greatest difficulty with Lagrange multipliers is in solving the system of equations. Make sure that

you check your answer with the original equations.

1.

Use Lagrange multipliers to find the minimum value of /(x, y) = x* + ? subject to the constraint
x + 2y —5=0. Assume that x and y are positive.

Use Lagrange multipliers to find the maximum value of f(x, y) = x*> — y* subject to the constraint

2y —x*= 0. Assume that x and y are positive.

Use Lagrange multipliers to find the maximum value of f(x, y) = 2x + 2xy + y subject to the constraint
2x +y = 100. Assume that x and y are positive.

Use Lagrange multipliers to find the minimum value of /' (x, y, z) = x> + »? + 22 subject to the constraint

x+y+z—9=0. Assume that x, y, and z are positive.

Use Lagrange multipliers to find the maximum value of /(x, y, z) = xyz subject to the constraint
x+y+z—3=0. Assume that x, y, and z are positive.

Use Lagrange multipliers to find the minimum distance from the line x +y = 1 to the point (0, 0).
Use Lagrange multipliers to find the minimum distance from the parabola y = x? to the point (0, 3).

A cargo container in the shape of a rectangular solid must have a volume of 480 cubic feet. The bottom

will cost $5 per square foot to construct, and the sides and the top will cost $3 per square foot to construct.

Use Lagrange multipliers to find the dimensions of the container of this size that has minimum cost.
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Applications of Lagrange Multipliers

Lesson 18

Lesson 18: Applications of Lagrange Multipliers

Topics

e  Applications of Lagrange multipliers.

e Maximizing the volume of a package.

e  Snell’s law of refraction.

Definitions and Theorems

e Lagrange’s theorem: Let fand g have continuous first partial derivatives such that fhas an extremum

at (x,, y,) on the smooth constraint curve g(x, y) = k. If Vg(x,,»,)# 0, then there is a real number 1

such that V/f'(x,, v, )= AVg(x,, ¥, ). The number 1 is called a Lagrange multiplier.

e When light waves traveling in a transparent medium strike the surface of a second transparent

medium, they tend to “bend” in order to follow the path of minimum time. This tendency is called

refraction, and it is described by Snell’s law of refraction.

Let v, and v, be the velocities of light in the two media,

and let the angles be as indicated in the figure. Then, N

sinf, _ sin6,
Vi v,

(See Figure 18.1.)

Summary

Medium 1

YA
Medium 2 7 S~o \—ldz

>0

Figure 18.1

We continue our study of constrained optimization applications using Lagrange multipliers. We first use them

to maximize the volume of a package, given a certain constraint on the dimensions. We saw this problem in

Lesson 7, but it will be easier with Lagrange multipliers. Then, we derive Snell’s law of refraction.

Example 1

The sum of the length and girth (perimeter of a cross section) of a package carried by a delivery service

cannot exceed 108 inches. Find the dimensions of the rectangular package of largest volume that can be sent.

(See Figure 18.2.)
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Solution

We want to maximize the volume of the box, V(x, y, z) = xyz, subject
to the constraint g(x, y, z) = x + 2y + 2z = 108. Using Lagrange

multipliers, we have

VV =yzi+xzj+xyk
Vg=i+2j+2k
VVix,y,z)= ng(x, ¥, Z).

Figure 18.2

Hence, we must solve the following four equations in four unknowns:

yvz=2
xz=24
xy =24

x+2y+2z=108.
The calculus portion of the problem is over, and next we need to use a lot of algebra. From the second and
third equations, xz = 21 and xy = 24, we have xz = xy = z =y. From the first and third equations, yz =4 and

xy =21, we have 2yz =2A=xy = x =2z. So, we have y =z, x = 2y = 2z. Next, use the constraint equation:

x+2y+2z=108
2y + 2y +2y =6y =108.

So, we have y = 18, x = 36, z = 18. The dimensions are 18 x 18 x 36 inches.

Example 2 P
S 1 Medium 1
N |
Use Lagrange multipliers to derive Snell’s law of refraction. N !
dl h N
S0
. N
Solution . < ’
=
. : ~<_ d
Consider the Figure 18.3. Medium 2 v O >~ Jj ’
< a=xty >0
The distance from P to Q is /d,> +x* +/d,> + )7 . Figure 18.3

Because speed = distance/time, we have time = distance/speed, which is what we want to minimize.

L Jai+xt d?+y? . .
Hence, we want to minimize T(x,y) = + subject to the constraint g(x, y) =xty=a.
Vi Va
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Using Lagrange multipliers,

VT(x, y) = AVg(x, y)
X s y
viJd?+x? l+v2\/d22 +x

_j=2i+4j.

So, we need to solve the three equations

X :ﬂ,

Vi d?+x?

.-

VoA dy + P B

xX+y=a.

X _ Y
vl\/a’l2 +x? vz\/dz2 +y?

Hence,

From the figure, sin 6, = = and sin@, =——2— which gives Snell’s law, sin, _ sinf, .
e i PR

Study Tip

e It’s worth repeating that often the most difficult step in solving a Lagrange multiplier problem is

the algebra.
Pitfall

e The technique of Lagrange multipliers can fail if Vg (xo , yo) =0.

1. The Cobb-Douglas production function for a software manufacturer is given by f (x, y) =100x7 y%,
where x represents the units of labor (at $150 per unit) and y represents the units of capital (at $250 per
unit). The total cost of labor and capital is limited to $50,000. Find the maximum production level for
this manufacturer.

2. Find the extreme values of f(x, y) = x* + 2)* — 2x + 3 subject to the constraint x* + 32 < 10.

2 2

2
3. The volume of an ellipsoid x_2+y_+z_2
a

b* ¢
of maximum volume is a sphere.

=11is 4Tﬂ-abc. For a fixed sum a + b + ¢, show that the ellipsoid

4. Find the dimensions of a right circular cylinder with volume ¥ cubic units and minimum surface area.
5. Find the minimum distance from the point (2, 1, 1) to the plane x +y +z = 1.
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Iterated Integrals and Area in the Plane
Lesson 19

o ——

Topics

e Iterated integrals.

e Iterated integrals and area.

e Reversing the order of integration.
Definitions and Theorems

e Iterated integrals are of the form r[ Ihz(Y)f(x,y)dx} dy and r[ ng(l) f(x,y)dy} dx .

e h](y) a gl(x) :

Summary
We now turn to the theory of integration for multivariable calculus. We begin with iterated integrals, which
are nothing more than repeated simple integrals. We show how an iterated integral can be used to calculate the
area of a planar region. We end the lesson by studying how you can reverse the order of integration. In fact, for
some iterated integrals, you must reverse the order of integration.
Example 1
Calculate the iterated integral Jj [ J:x 2xy dy} dx.

Solution

First, we evaluate the integral in the brackets with respect to y, and then we integrate the result with respect to x.

E[foydy}dx: f[xyZI dy = E(}f—x)dx:[%—%l = (64-8)—(4-2)=54.

Example 2 f(x) = sinx
Use an iterated integral to find the area of the region /
bounded by the graphs of £'(x) = sinx and g(x) cosx x o
between x = % and x = %[ (See Figure 19.1.) ! y
g(x) =cosx

Figure 19.1



Lesson 19: Iterated Integrals and Area in the Plane

Solution
We have the following:
i [
- [ e
- J;:%[sinx—cosx]dx
~[~eosx—sinx]* =292,

Example 3

Sketch the region whose area is represented by the iterated integral J;z 'rz dxdy.
Y

Solution -
We know that y* <x < 4. So, the region is 24
bounded on the left by x = y* < y=+/x
and on the right by x = 4. 1

Furthermore, 0 <y <2, so the region is as |

shown in Figure 19.2.

Example 4

Figure 19.2

Sketch the region of integration represented by the iterated integral ‘[)2 r e dy dx. Then, evaluate the integral

by reversing the order of integration.

Solution

The region of integration is shown in Figure 19.3.

Reversing the order, we have f f e’ dydx = f Ly e’ dx dy.
Although the original integral could not be evaluated using the

fundamental theorem of calculus, the new integral can easily be

evaluated using substitution.

The answer is %(1 —L).

e4
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Study Tips

Pitfalls

Iterated integrals are similar to partial derivatives in that you integrate with respect to one variable
while holding the other variable fixed. For example, if

fo(x,y)=2xy, then f(x,y)= .[f" (x,y)dx = Inydxz Xy+C(y).

Notice that the “constant of integration” is a function of y.

Iterated integrals are usually written without brackets or parentheses. For instance, the iterated
integral in Example 1 is usually written as follows:

[[Jowai [ [

Representative rectangles can be very useful in describing the region of integration.

For area computations, the outer limits of integration must be constants. For instance, the following
iterated integral is incorrect: LX .rz dxdy.
o4

Keep in mind that the variable of integration can never appear as a limit of integration. For example,

the following integral is incorrect: .[; ydx.

1. Evaluate the integral f (x+2y)dy.

2. Evaluate the integral '[zyldx.
X

3. Evaluate the iterated integral E f (x+y)dydx.

4. Evaluate the iterated integral ‘L% Ll ycosxdydx.

. . 3y
5. Evaluate the iterated integral ‘[ L

4
x4y

dx dy.

2

6. Use an iterated integral to find the area of the region bounded by /x + \/7 =2, x=0,and y=0.
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Lesson 19: Iterated Integrals and Area in the Plane

9.

_dxdy.

Evaluate the iterated integral J;l ' Jl;}_
VAV

Then, reverse the order of integration and evaluate the resulting iterated integral.
. . 2 ol
Evaluate the iterated integral J; L dy dx.
2
Then, reverse the order of integration and evaluate the resulting iterated integral.

Evaluate the iterated integral J;l J;z 4e” dy dx.

10. Evaluate the iterated integral f r [ xsinxdxdy.
¥y
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Double Integrals and Volume
Lesson 20

S ———
Topics
e Double integrals and volume.
e Properties of double integrals.
e  Average value.
Definitions and Theorems

e  Properties of double integrals:

[[ef (x.y)dd=c [[£(x.)dd
.l[_[[f(x,y)Jrg(x,y)]dA = J;.[f(x,y)dAJr.][jg(x,y)dA.

e Let fbe integrable over the plane region R of area 4. The average value of fover R is

i gf(x,y)dA.

Summary

We continue our study of integration of functions of two variables. We show that the volume of a solid

can be represented by a double integral. These double integrals have many of the same properties as

single integrals. Although the motivation for double integrals was area and volume, we will see in upcoming
lessons that there are many more applications of such integrals. We end the lesson with the familiar topic of
average value.

Example 1

Calculate the volume below the surface z = 6 — 2y and above the rectangle given by 0 <x <4, 0 <y <2,
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Lesson 20: Double Integrals and Volume

Solution z
2.
The volume is given by the double integral J.J‘f(x,y) dA :J: L (6—2y)dydx. z=x-2
R

We evaluate the integral as follows:

[ [(6-2y)dyar=[[6y-y*] dx= [ 8ax=[sx] =32.
(See Figure 20.1.)

X
Example 2 Figure 20.1

The double integral for the volume under the surface z = siny? = sin(3?) and above the region bounded by

y = %, x=0,andy=11is V = Lz J‘; sin y* dy dx. Reverse the order of integration.

Solution

The region of integration is a triangle, and the given integral uses

vertical representative rectangles. (See Figure 20.2.)

If instead we use horizontal representative rectangles, we obtain I 2,1

the integral

v=[ I;sinyz dyds= [ ["siny* dvdy. |

()

Notice that the first integral cannot be done easily, whereas the Figure 20.2

second integral is straightforward. The answer is —cos1+1~0.4597.
Example 3

Find the average value of f(x,y) = %xy over the rectangular region R with vertices (0, 0), (4, 0), (4, 3),
and (0, 3).

Solution

The area of the region is 4 x 3 = 12. The average value is

%}Uf(x,y)dA:%J:J:%xydydx.

This integral is easy to evaluate, and the final answer is %
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Study Tips

Pitfalls

Double integrals do not only represent areas and volumes. We will see many other applications in

upcoming lessons.
It is very helpful to draw the region of integration together with a representative rectangle.

Computers and graphing calculators can evaluate double integrals. Sometimes the answer might be an
approximation. The following are two results from a calculator:

J;l fysin y>dxdy =cos(1)-1

X I; sin ” dy dx = 0.4596976941.

Remember that the outer limits of integration must be constants, and the variable of integration can
never appear as a limit of integration. For example, the following double integral is incorrect for two
2 ol
s2
reasons: siny” dxdy.
[ [ siny? dxay

In Example 2, the given integral cannot be evaluated by the fundamental theorem of calculus because

the integrand, siny?, does not have an elementary antiderivative.

Y

1. Find the volume of the solid bounded by the surface z = ) and above the rectangle 0 <x<4,0<y<2.

2. Find the volume of the solid bounded by the surface z = 1 — xy and above the triangle bounded by

y=x,y=1,and x=0.

3. Set up the double integral for the volume of the solid in the first octant bounded by z=xy, z=0, y = x,

and x = 1.

4. Set up the double integral for the volume of the solid bounded by x> + y? + z2 = 2.

5. Set up the double integral for the volume of the solid in the first octant bounded by y = 4 — x?

andz =4 — X2

6. Evaluate the iterated integral ‘E If e'xzdxdy by switching the order of integration.

7. Evaluate the iterated integral f ﬁ/ \/; cos ydy dx by switching the order of integration.
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Lesson 20: Double Integrals and Volume

10.

74

Find the average value of the function f(x, y) = x over the rectangle with vertices (0, 0), (4, 0), (4, 2),
and (0, 2).

Find the average value of the function f(x, y) = sin(x + y) over the rectangle with vertices (0, 0), (z, 0),
(7, 7), and (0, ).

Why is the expression f Ly(x +y)dydx invalid?



Double Integrals in Polar Coordinates
Lesson 21

S ——
Topics
e  Polar coordinates.
e Double integrals in polar coordinates.
Definitions and Theorems
e Conversion formulas:
x=rcosf,y=rsind
x> +y? =r>,tan 6 :%.

e Double integrals in polar coordinates: Let R be a planar region consisting of all points
(x,y) = (rcos 0,rsin 9) satisfying 0 < g,(0) <r<g,(6),a<0<p,and 0<(f —a) < 27.

Then, [[/(x.y)dd= [ fz(‘:))f(rcose,rsine)rdrde.
@ 98
R
Summary

In this lesson, we develop double integrals in polar coordinates. This conversion is especially useful if the
region of integration or the integrand is easily expressed in polar coordinates. We begin with a review of
polar coordinates and then develop the formula for a double integral in polar coordinates. In this case, the
differential of area, dA4, becomes rdrd6. Don’t forget the extra r factor. We illustrate these ideas with area and

volume examples.

Example 1 d
2 —

Use polar coordinates to describe the region in Figure 21.1.
Solution 1+
The region is a quarter circle of radius 2: {(r, 0) 0<r<2,0<60< % .

: I X

1 2

Figure 21.1
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Lesson 21: Double Integrals in Polar Coordinates

Example 2

Evaluate the double integral f F ydxdy by converting to polar coordinates.
Solution

The region is a quarter circle of radius 2.

In polar coordinates, the integral becomes Lz ‘LW ydxdy = J;% f( rsin 0) rdrd@.

This integral is easy to evaluate because the limits of integration are constants:

A A[ﬁ . T
rsin@)rdrdf = —sin@ | do
[* {(rsino)rarao= [ 2sino |
=%L%sint9d9=%[—cos6’];%

=§[0—(—1)] =§.

Example 3

ol

Set up the double integral in polar coordinates to find the
area of the region bounded by the polar graph » = 3 cos 36. r=3c0s30 T
(See Figure 21.2.)

Solution

The graph is a rose curve with 3 petals. I | T |

One petal is defined by —% <0< % ,
where 0<r <3cos30. 4

So, the total areais 4 =3 JJ{; ‘Emswrdr do = 97”
/6

Example 4

Set up the double integral for the volume of the ice-cream cone bounded above by the hemisphere

z=,/2—x*—y* and bounded below by the cone z =./x*+ y*.
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Solution

We first determine where the surfaces intersect by equating

the equations:

\/Z—xz—yz :\/x2+y2
2oxP P =gy’
2=2x>+2y’
xP+y?=1.

(See Figure 21.3.) Figure 21.3

In polar coordinates, the equations are

2= TR <NE and 2= (A =

The volume is therefore
V= Jjﬂ J:[\/ 2—r? —r}rdrd@.

The evaluation requires substitution, and you obtain

Study Tips

e The area of a polar sector is 4 = rArAf. Hence, the differential of area in rectangular coordinates,

dA = dydx = dx dy becomes rdrd6 in polar coordinates.
e In polar coordinates, area is given by ” dA = ”r drdé.
R R
e The r value can be negative in polar coordinates.
Pitfall

e Remember that the differential of area in polar coordinates is d4 = rdrd6. Don’t forget the r.
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Lesson 21: Double Integrals in Polar Coordinates

1.

10.

78

Evaluate the iterated integral E ‘ o xdydx by converting to polar coordinates.
Evaluate the iterated integral f , | o (x2 +y? )dy dx by converting to polar coordinates.
Evaluate the iterated integral f l B xydydx by converting to polar coordinates.

Use a double integral in polar coordinates to find the area of the region enclosed by the graph of the

equation » = 6 cos 6.

Use a double integral in polar coordinates to find the area of the region enclosed by the graphs of the

equations 7 =2 and r = 4.

Use a double integral in polar coordinates to find the area bounded by the three-leaved rose curve
r=2sin36.

Use a double integral in polar coordinates to find the volume of the solid in the first octant bounded

by z=xyand x> +y*= 1.

Use a double integral in polar coordinates to find the volume of the solid bounded by z =./x*>+y*, z=0,
and x* +)? = 25.

Use a double integral in polar coordinates to find the volume of the solid inside the hemisphere
z=.16-x>—y* and outside the cylinder x* +)? = 1.

Set up the double integral in polar coordinates for the area inside the circle » =2 cos § and outside the

circle r = 1.



Centers of Mass for Variable Density
Lesson 22

o ——
Topics
e  Mass.
e  Moments.
e  Centers of mass for variable density.
Definitions and Theorems

e Ifthe planar lamina given by the region R has variable density p(x, ), then the mass is

m= ”p(x,y)dA .

R

e The moments of mass with respect to the x- and y-axes are

M, = ”yp(x,y)dA, M, = ”xp(x,y)dA .

e Ifm is the mass of the lamina, the center of mass is (X, y) = { L,

M, M,
m’  m |

Summary

In this lesson, we apply our knowledge of double integrals to the calculation of mass and centers of mass.
The formula for mass is the double integral of the density function. The formulas for the moments with
respect to the axes are much simpler than the corresponding formulas in .

elementary calculus. In some examples, polar coordinates yield easier .

integrals than Cartesian coordinates.

(0, 3) (2,3)

Example 1

Find the mass of the triangular lamina with vertices (0, 0), (0, 3),
and (2, 3) if the density at the point (x, y) is p(x, y) = 2x + .
(See Figure 22.1.)

Figure 22.1
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Lesson 22: Centers of Mass for Variable Density

Solution
The boundaries of the triangular region are x =0, y = 3, and x = 23_y
Using a horizontal representative rectangle, the mass is

m= J‘J-2x+y dA LL 2x+y dxdy =10.

Example 2

Find the center of mass of the lamina corresponding to the parabolic region 0 <y <4 — x? if the density at the

point (x, ) is constant, p(x, y) = 1.
Solution

The mass is

By symmetry, the center of mass lies on the y-axis, so M, =0.

The moment about the x-axis is M, = J .E ydydx = 21556 .
25
So, we have )7— = /5 g, and the center of mass is (X, ) = (0, %)

moR

Example 3
Solve the previous example assuming that the density is not constant but, rather, given by p(x, y) = 2y.
Solution

The computations are very similar to the previous example.

The mass is m = I J: 2ydydx = ﬂ - By symmetry, M = 0.
8192
The moment about the x-axis is M, = .[ Jj 2y)dy dx = o5 -
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Finally, the center of mass is (X, V) = (0, %)

Notice that the balancing point has moved up a bit from the previous
example. (See Figure 22.2.)

Study Tips Figure 22.2

e  Usually, density is mass per unit of volume. But for planar laminas, density is mass per unit of
surface area.

e The formulas for center of mass are equivalent to those studied in elementary calculus.

e  The setup of the problem is the most important step. Calculating the resulting integrals can be

done by hand or by using computers and graphing calculators.
e Notice how we took advantage of symmetry in Examples 2 and 3.

Pitfall

e The formula for M_involves y, and the formula for M involves x. Similarly, the formula for X
involves y, and the formula for y involves x.

1. Find the mass of the square lamina bounded by 0 <x <2 and 0 <y <2 if the density is p(x, y) = xy.
2. Find the mass of the lamina bounded by 0 <x<1and 0 <y < «/1-x* if the density is p(x, y) =xy.

3. Find the mass and center of mass of the triangular lamina with vertices (0, 0), (0, 3), and (3, 3) if the

density is p(x, y) = 4y.

4. Find the mass and center of mass of the triangular lamina with vertices (0, 0), (0, 3), and (3, 3) if the
density is p(x, y) = 4x.

5. Find the mass and center of mass of the lamina bounded by y = +/x, y =0, and x = 1 if the density is
plx,y) = 5y.
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Lesson 22: Centers of Mass for Variable Density

82

Find the mass and center of mass of the lamina bounded by y = x2, y = 0, and x = 2 if the density is

plx,y) = 3xy.

Find the mass and center of mass of the lamina bounded by x* + y* = 16, 0 <x, and 0 < y if the density is
plx,y) =3(x*+%).



Surface Area of a Solid
Lesson 23

o ———
Topics
e Surface area of solids in space.
e The differential of arc length and the differential of surface area.
e Surface area in polar coordinates.
Definitions and Theorems
e Let the function frepresent a smooth curve on the interval [a, b] . The arc length between a and b is

s = '[Ih1[1+[f'(x)]2 dbx.

e Ifapiece of arc length is rotated about the x-axis, the surface area of the resulting surface of

revolution is

A:27rij(x),[lﬂ-[f'(x)}2 dx.

e Ifa piece of arc length is rotated about the y-axis, the surface area of the resulting surface of

revolution is

Az27rfx,[1+[f’(x)}2 dx.

e The differential of arc length is
ds = 1+[f'(x)}2 dx.

e For a surface given by z = f(x, y) defined over a region R in the xy-plane, the surface area is

5= [N L Con)T +[ (o )T o

e The differential of surface area is

ds = \/1+[fx (x, yﬂ2 +[f) (x, y)}2 dA.
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Lesson 23: Surface Area of a Solid

Summary

The formula for surface area is similar to that of arc length. Both involve an important differential: the
differential of arc length and the differential of surface area. After a brief review of arc length and surfaces
of revolution, we present the general formula for surface area of graphs of functions of two variables.

In some examples, we will see that polar coordinates are useful in simplifying the computations.

Example 1 )
T .0,0,2)
Find the surface area of the plane z =2 — x — y in the first octant. ss““‘__ J
(See Figure 23.1.) L z=2-Xx-y
s
Solution 4
| (0,2, 0)
_ _ T
We havef,(x, ¥) = 1., (x, y) = -1, and SNSie=t
1,1,0)
dS =\1+(£.) +(f,) dA="T1+1dA=/3dA. Figure 23.1

So, the surface area is

S= [[J1+[ £ ()] +[ £ ()] dd = [[V3da=13 [faa

Using a vertical representative rectangle, S =+/3 Lz QLH dydx=2+/3.
Example 2

Set up the double integral for the surface area of the portion of the surface f(x, y) = 1 — x> + y that lies above

the triangular region with vertices (1, 0, 0), (0, -1, 0), and (0, 1, 0).
Solution

The partial derivatives are f,(x, y) = —2x and 7, (x,y) = 1. Hence,

S = JI;‘[\/1+[fX (x, y):|2 +[fy (x, y):|2 dA
[T+ as
_ [[VEear da
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We now need to find the bounds for the region determined by the -
three points. (See Figure 23.2.)
We see that 0 <x<1,x — 1 <y <1 —x. Hence, the integral for I y=1-x

surface area becomes

S=[[V2+axTaa= [ [ V2+ax® dyax.
R
This integral is difficult to evaluate. A calculator gives

S = 1n(ﬁ+ﬁ)+gz1.618.

R:0<x<1
x—1<y<1l—-x

Example 3 Figure 23.2

Find the surface area of the ice-cream cone z =./ x>+ that lies above the circular region x*> +1? < 1.
Solution

The partial derivatives are f, = ;2 and f, = ——2___ The differential of surface area is

N e

2 2
dS= |1+ —2— | +| —=2—| a4

2 2
=\/1+_x +—2 dA

x2+y2 .X'2+y2

2 2 2 2
:\/2x2+2{ dA:\/z("; YY) 4= 7 dd.
X +y X +y

Hence, the surface area of the ice-cream cone is
S = [[ds = [[VZ da =2 [[d4 =2 (Area of circle) =2 (7) = 72,
R R R
Study Tips

e Notice the similarity between the differential of arc length and the differential of surface area:

ds= 1+ [f '(x)}2 dx differential of arc length

ds = \/1 + [fx (x, y)}2 + [f) (x, y)]2 dA differential of surface area.
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Lesson 23: Surface Area of a Solid

e Surface area is the double integral of the differential of surface area: S = HdS .
R

e  You could have used elementary geometry to solve Example 3. The surface area of a right circular
cone of height # and radius 7 is S = zr/r* + h*. In Example 3, =/ =1, and hence, S = 7+/2.

Pitfalls

e Inelementary calculus, many of the integrands for arc length and surface are difficult to integrate.
This is also true in multivariable calculus, as we saw in Example 2.

e Don’t forget the extra » when using polar coordinates: d4 = rdrd6.

1.
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Find the area of the surface given by f(x, y) = 2x + 2y over the triangular region R with vertices (0, 0),
(4,0), and (0, 4).

Find the area of the surface given by f(x, y) = 15 + 2x — 3y over the square region R with vertices (0, 0),
(3,0),(0,3),and (3, 3).

Find the area of the surface given by f'(x, y) = 12 + 2x — 3y over the circular region R given by
R= {(x, y):x* 4yt < 9}.

Find the area of the portion of the plane z =24 — 3x — 2y in the first octant.
Set up the double integral for the area of the portion of the paraboloid z = 16 — x* — »? in the first octant.

Set up the double integral for the area of the surface f(x, y) = 2y + x> over the triangular region R with
vertices (0, 0), (1, 0), and (1, 1).

Set up the double integral in polar coordinates for the area of the surface f'(x, y) = 9 — x* — 3% over the
region R given by R = {(x, ¥):0< f(x, y)}

Set up the double integral for the area of the surface f(x, y) = e* over the region R given by
R:{(x,y): OSxSI,OSySI}.

Show that the surface area of the cone z = k+/x* + y*, k> 0, over the circular region x> + > <2 in
the xy-plane is 77> k* +1.



Triple Integrals and Applications
Lesson 24

T

Topics

e Triple integrals.

e Changing the order of integration.

e Triple integrals and mass.
Definitions and Theorems

e Mass in triple integrals: m = j”p(x,y,z)dV.

0

Summary
In this lesson, we extend our knowledge of double integrals to triple integrals. We begin by using triple
integrals to calculate volume, in which the integrand is 1. Later in the lesson, we use triple integrals to
calculate the mass of a solid. An important skill with triple integrals is changing the order of integration.
In general, there are six possible orders of integration.
Example 1
Evaluate the triple integral J: Jj Eldz dy dx.

Solution

This triple integral represents the volume of a box. We evaluate the integral in the same manner as we

evaluated double integrals,

[[[ azayav=[ [[2], dvex

(See Figure 24.1.)

Figure 24.1
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Lesson 24: Triple Integrals and Applications

Example 2

Sketch the solid whose volume is represented by the triple integral
J: f .Eiy dz dx dy. Then, rewrite the integral in the order dy dz dx.

Solution

The limits of integration determine the shape of the solid.
(See Figure 24.2.)

Becausez=1-y < y=1-z .EJ;ZLH dzdxdy = Jj‘[jﬂ_z dy dz dx.

Both integrals give the same volume of 1.

Example 3

Set up the triple integral for the volume of the solid region bounded
below by the surface z =x? + y? and above by z =2 — x? — ).

(See Figure 24.3.)

Solution

We must first find the intersection of the two paraboloids by setting

the equations equal to each other:
z=2-x"—-y' =x"+)y" =2=2x"+2y" = x*+y’ =1.

The region of integration is the unit circle. The volume is

Figure 24.2

Figure 24.3

This integral is difficult, and the answer is z. In the next lesson, we will see how to solve the problem using

cylindrical coordinates.

Example 4

Find the mass of the unit cube in the first octant given that the density at the point (x, y, z) is the square of its

distance to the origin.
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Solution

The density is p(x, y, z) = k(x> + y* + z2). Hence, the mass is given by

m= j”p(x, y,z)dV = £££k(x2 +y2+zz)dzdydx.

This integral is not difficult to evaluate, and the final answer is £.

Study Tips

e Just as with double integrals, we often omit integrands of 1. For instance, in Example 1,

[ [ [1dzdyar=[ [ [ dedye.

e There are six orders of integration for triple integrals in Cartesian coordinates: dz dy dx, dz dx dy,
dy dz dx, dy dx dz, dx dy dz, dx dz dy.

e It is worth repeating that the setup of a problem is more important than the actual integrations.

Pitfall

e Remember that the variable of integration cannot appear as a limit of integration. The following triple

integral is incorrect: J:Lz LH dzdxdy.

1.

2.

Evaluate the triple integral f f Edydxdz. What does this represent?
Evaluate the triple integral f J: J:(x +y+ z) dxdzdy.
Evaluate the triple integral f 1 ,[11 J:l 1)c2 yizldxdyd-.

Set up the triple integral for the volume of the solid in the first octant bounded by the coordinate planes
and the planez=5 —x — y.

Set up the triple integral for the volume of the solid bounded by z=9 —x2,z=0,y =0, and y = 2x.
Set up the triple integral for the volume of the solid bounded by z=6 — x> — y? and z = 0.

Set up the integral for the mass of the solid bounded by 2x + 3y + 6z=12,x=0,y =0, and z = 0 if the
density is p(x, y, z) = 3.
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Lesson 24: Triple Integrals and Applications

8. Set up the integral for the mass of the solid bounded by 3x + 3y + 5z=15,x=0, y =0, and z = 0 if the
density is p(x, y, z) = 3y.
9. Rewrite the iterated integral J: f 1 J;v dz dy dx using the order dy dz dx.

1273Xf6)y

9y
10. Rewrite the iterated integral .[)4 L % L " dzdydx using the order dy dx dz.
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Triple Integrals in Cylindrical Coordinates
Lesson 25

o ———

Topics

e  Cylindrical coordinates.

e Conversion formulas.

e  Triple integrals in cylindrical coordinates.

e The differential of volume in cylindrical coordinates.

e Applications of triple integrals in cylindrical coordinates.
Definitions and Theorems

e Let P=(x,y,z)beapoint in space. Its cylindrical coordinates are (r, 0, z), where (r, 0) are the polar

coordinates of the projection of the point onto the xy-plane. The z coordinate is the same.
e Conversion formulas:
x=rcosf,y=rsinf,z=z
rr=x*+)? tan0 = l, z=1z.
x
e The differential of volume in cylindrical coordinates is dV = rdzdrde.
Summary
The cylindrical coordinate system is the three-dimensional generalization of polar coordinates.
These coordinates are especially useful for representing cylindrical surfaces and surfaces of revolution.
The conversion formulas are similar to the conversion formulas between polar coordinates and Cartesian
coordinates. We’ll study examples of triple integrals in cylindrical coordinates and note that the differential
of volume has the extra r factor, dV = rdzdrdo.

Example 1

Convert the point (r, 0, z) = (4, 5?”, 3) to Cartesian coordinates.
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Lesson 25: Triple Integrals in Cylindrical Coordinates

Solution

We use the conversion formulas: x =rcosf = 4cos5?” = 4(—73] =-2J3, y=rsinf = 4sin5?7r = 4(%) =2,

and z=3.

The Cartesian coordinates of the point are (x, ¥, z) = (—2\/3, 2, 3).
Example 2

Convert the point (x, y,z) = (l,ﬁ , 2) to cylindrical coordinates.
Solution

We have r’=x*+3?=1+3=4 = r==2, and tané’zl:@:ﬁ, which gives 6’=%+n7r.
X
Of course, z = 2.

There are many possible cylindrical coordinates. For example, (r, 0, z) = (2, %, 2)
4z
0,z)=-2,—,2|.
or (r,0,z) ( 3 )

Example 3

The surface & = c is a vertical plane. (See Figure 25.1.)

REN R
|

Example 4 ><

xample — X 7

|

| O=c IE

Find the volume of the solid bounded below by z = x> + ? and above l i

by z=2 — x>~ . (See Figure 25.2.) T §
Solution Figure 25.1

The intersection of the two paraboloids is obtained by setting the

equations equal to each other:

z=2-xX>—y'=x*+)? = 2=2x"+2)? => X*+y*=1.

Converting to cylindrical coordinates, z=2 — x> —y?=2 — r* and

z=x2+y'=r

The volume s ¥ = [[[av = [* [ [ rdzdrae.
0

Figure 25.2
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This integral is easy to evaluate:
V= _LM .E[rz];_rZ drdé
= 'LM J:[r(Z—rZ —-r? )Jdrd@

- f” ﬂ[Zr—2r3]drd0

27T 1"4 !
= [rz ——} do
2 0
2z
_ 27:1 _ l _
= zdﬁ [29} 7.

0
Study Tips

e Notice that cylindrical coordinates are the natural extension of Cartesian coordinates to
three dimensions.

e  When converting from one coordinate system to another, you can always check your answer by
converting back to the original coordinates.

e Itis helpful to identify the coordinate system representing a given point. For instance, in Example 1,
write (. 0,z)=(4,5?”,3) and (x, y,2) =(~2v3,2,3).

Pitfalls

e The cylindrical coordinates of a point are not unique. In particular, the -value can be positive or

negative. And there are infinitely many choices for the angle 6.
e Don’t forget the extra r in the differential of volume, dV = rdzdrdo.
1. Convert the point (, 6, z) = (1, —x, —4) to rectangular coordinates.
2. Convert the point (r, 0, z) = (3, %, 1) to rectangular coordinates.
3. Convert the point (x, y, z) = (ZJ— ,—2J2, 4) to cylindrical coordinates.
4. Find an equation in cylindrical coordinates for the rectangular equation x = 9.
5. Find an equation in rectangular coordinates for the cylindrical equation 7 + z2 = 5.
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Lesson 25: Triple Integrals in Cylindrical Coordinates

10.

94

Find an equation in rectangular coordinates for the cylindrical equation » = 2siné.
. 27 (R R g N N %
Verify that V' = ZL J-Rz ralzdrd@:T(R1 -R, ) .
C he integral | [ dzdydy to cylindrical coordi
onvert the integra J_ N W .Cu,ﬁ xdzdydx to cylindrical coordinates.

Set up the triple integral in cylindrical coordinates for the volume of the solid bounded above

by z = 2x and below by z = 2x? + 2y7.

Set up the triple integral in cylindrical coordinates for the volume of the solid inside the sphere

x?+y? + z2 =4 and above the upper nappe of the cone z2 = x> + 2.



Triple Integrals in Spherical Coordinates
Lesson 26

T ——
Topics
e  Spherical coordinates.
e Conversion formulas.
e Triple integrals in spherical coordinates.

e  The differential of volume in spherical coordinates.

Applications of triple integrals in spherical coordinates.
Definitions and Theorems
e Let P=(x,y,z)beapoint in space. Its spherical coordinates are (p, 0, ¢), where p is the distance
from P to the origin, € is the same angle as used in cylindrical coordinates, and ¢ is the angle between
the positive z-axis and the line segment OP,0 < ¢ <.
e Conversion formulas:
r=psing, z=pcos¢d

x=rcosf=psingcost

y=rsinf=psingsinf

p2:x2+y2+22:>p: Ix2+y2+22

tanf = 2
x
cosgp === =

P X+ yr+z?

e  The differential of volume in spherical coordinates is dV = p?sin ¢ dp de¢ do.

95



Lesson 26: Triple Integrals in Spherical Coordinates

Summary

Spherical coordinates are similar to the longitude and latitude coordinates on Earth. The first coordinate is a

distance, and the other two coordinates are angles. We begin by defining spherical coordinates in space and

develop their conversion formulas. After looking at some examples of surfaces in spherical coordinates, we

apply them to the calculation of volumes and mass. For spherical coordinates, the differential of volume is a bit

complicated: dV = p*sin g dp de db.

Example 1

Convert the point (p, 8, ¢) = (4, %, %) to Cartesian coordinates.
Solution

We use the conversion formulas:

x = psingcosd :4sin%cos%: 4[%}(%} =J6

y=psingsinf = 4sin%sin% = [%j(%j =2

z:pcos¢:4cos%=4(g):2\/§.

Hence, the Cartesian coordinates are (x, y, z) = (\/E, J2, 2\/7)
Example 2
Convert the point (x, v, z) = (4, 0, 0) to spherical coordinates.

Solution

Wehavep:\/xz+yz+z2 =J4+0+0 =4, tan§ =2 =
x

o

deosp=Z—0=g=Z.
and cos ¢ P =¢ >

Therefore, (p,60,4) = (4,0,%) . (See Figure 26.1.)
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(x,y,2)=(4,0,0)

Figure 26.1



Example 3
The surface p = c is a sphere centered at the origin. (See Figure 26.2.)
Example 4

Find the volume of the ice-cream cone bounded above by the upper half of
the sphere x> + ) + z2 =2 and below by z =.,/x* + y* . (See Figure 26.3.)

Figure 26.2
Solution

The intersection of the two surfaces is obtained by setting the

equations equal to each other:

NP+ =z =Xt +)°
x2+y2+22=x2+y2+(x2+y2)=2

>+ =l=z=1.

Converting to spherical coordinates, Figure 26.3

L

¥ +y*+z2=2=p’ = p=+/2 and z=,ocos¢:1=\/5c05(/5:>cos¢=\/E

-z
:>¢_4.

Also, 0 < 0 < 2r. The ice-cream cone is given by 0< p<~/2,0< ¢ < %,0 <0 <2rx. The volume is

V= ijjdyz f” J;'A J;ﬁpz sin¢dpd¢d9=47”[\/§_1].

You are asked to verify this integration in Problem 7.
Study Tips
e  Spherical coordinates are especially useful for spheres, which have a center of symmetry.

e Itis helpful to identify the coordinate system representing a given point. For instance, in Example 1,

write (p, 0, ¢)=(4,%,%) and (x, ¥, z)=(\/€, V2, Zﬁ)
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Lesson 26: Triple Integrals in Spherical Coordinates

Pitfalls

e For spherical coordinates, 0 < ¢ <z and p > 0. Furthermore, ¢ is the same angle as in polar

coordinates for > 0.

e  There can be confusion if the coordinate system is not made explicit. For instance, (0, 7, 0) is the

origin in spherical coordinates, but it is a point on the y-axis in rectangular coordinates.

e Don’t forget the complicated differential of volume in spherical coordinates, dV = p?sin ¢ dp de¢ d.

10.

98

Convert the point ( p, 0, ¢) (12, —%, 0) to rectangular coordinates.

Convert the point (p, 6, ¢)

(5, %, 37”) to rectangular coordinates.

Convert the point (x, y, z) = (—2, 23, 4) to spherical coordinates.
Find an equation in spherical coordinates for the rectangular equation z = 6.

Find an equation in rectangular coordinates for the spherical equation ¢ = %

J.z+m xdzdydx to spherical coordinates.

2

2 4-x2

Convert the integral J: , '_ =

Verify that V = ﬂjdV = f” J:% J;/Ep2 singdp dg do =4T”[\/7—1].
0

Set up the triple integral in spherical coordinates for the volume of the solid inside the sphere
x> +y*+22=9, outside z=./x*>+y?, and above the xy-plane.

Set up the triple integral in spherical coordinates for the volume of the torus given by p = 4sin¢.

Set up the triple integral in spherical coordinates for the mass of the sphere of radius 3 if the density is

proportional to the distance of the point to the z-axis.



Vector Fields—Velocity, Gravity, Electricity
Lesson 27

o ———

Topics

e Vector fields.

e Rotation and radial vector fields.

e The gradient as a vector field.

e  Gravitational fields.

e Electric force fields.

e Conservative vector fields.

e Calculating the potential for a conservative vector field in the plane.
Definitions and Theorems

e A vector field over a planar region R is a function F that assigns a vector F(x, y) to each point in R.

e A vector field over a solid region Q is a function F that assigns a vector F (x, y, z) to each point in Q.

e Newtons’s law of gravitation states that the force of attraction exerted on a particle of mass m,

located at (x, y, z) by a particle of mass m, located at (0, 0, 0) is

-Gmm,

S

Here, G is the gravitational constant, and u is the unit vector from the origin to (x, y, z).

e Coulomb’s law states that the force exerted on a particle with electric charge g, located at (x, y, z) by

a particle of charge g, located at (0, 0, 0) is F(x,y,z)= %u
r

e A vector field F is conservative if there exists a differentiable function f (the potential) such that
F=Vf.

e Theorem: Let M and N have continuous first partial derivatives on an open disk R. The vector field

given by F (x, y) = Mi + Nj is conservative if and only if %—])\; = %—A;[
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Lesson 27: Vector Fields—Velocity, Gravity, Electricity

Summary

In this lesson, we develop the concept of a vector field. In the plane, a vector field is a function that assigns a
vector to each point in the plane. Similarly, in space, a vector field assigns a vector to each point in space. We
begin by describing typical vector fields, including rotational fields, gravitational fields, and electric fields. In
fact, the gradient of a function is a vector field. We define what is meant by a conservative vector field, one that
is the gradient of a potential function. Most of the important fields in applications are conservative. We develop

a test for conservative vector fields in the plane and show how to find the potential function.

Example 1

Sketch some vectors in the vector field given by F(x, y) = —yi + xj.

Solution
Y Vector field:
We first compute some points to get an idea of the field: 4 F(x,y)=—yi+xj
F(x,y)=—yi+xj /\
it liei
F(1,0) 01‘ IJ‘J . - TN o
F(0,1)=-1li+0j=—i k_l
F(2,2)=—2i+2j.
By plotting these vectors, we obtain the following example of a £
rotation vector field. (See Figure 27.1.) L

Figure 27.1
Example 2

Sketch some vectors in the vector field F (x, y) = xi + yj.
Solution

We first compute some points to get an idea of the field:

By plotting these vectors, we obtain the following example of a
radial vector field. (See Figure 27.2.) Figure 27.2
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Example 3

The gradient of a function fis a vector field.

For example, if /(x, y)=x"y —y?z, then V£ (x, y) = £, (x, y)i+ £, (x, »)j= 2xyi+(x2 —y)j is a vector field.
At each point (x, y) in the plane, the gradient assigns a vector.

Example 4

The vector field F(x, y) = (10x + 3y)i + (3x + 2y)j is conservative with potential /' (x, y) = 5x> + 3xy + )?
because F = Vf.

Example 5
oo . . _ 2 OM _ o, ON _ >
The vector field F (x, y) = x*yi + xyj is not conservative because M = x’y, o Y N =xy, e and x* £ y.
)y X
Example 6

Find a potential for the conservative vector field F (x, y) = 2xyi + (x> — y)j.
Solution

Note that the field is conservative because — =2x and

oy 0

We need to find a function / (x, y) such that V/f (x, y) = 2xyi + (x2 - y)j. That is, f,(x, y) = 2xy and
f(xy)=x—y.

oM N _ 2x.
X

Integrating the first equation,

f(x,y): Ifx (x,y)dx: I2xydx:x2y+g(y).

Integrating the second equation,

f(xy)= jfy (x, y)dy= f(xz —y)dy = xzy—y?z+ h(x).

From these two versions of the function f, we have

2

f(x,y):xzy—y?+K.
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Lesson 27: Vector Fields—Velocity, Gravity, Electricity

Study Tips

Pitfalls

A vector field assigns a vecfor to each point in the domain.

Gravitational fields and electric fields have the same form and are examples of inverse square fields.
k

2
el

Every inverse square field is conservative. Hence, gravitational fields and electric force fields

Given r = xi + yj + zKk, the vector field F is an inverse square field if F(x, ¥, z) = u.

are conservative.

After calculating the potential for a conservative vector field, you can check your answer by taking

the gradient of the potential.

2
For instance, in Example 6, Vf(x, y) = V(xzy —y7+KJ =2xyi+ (x2 - y)j, which is the original
vector field.

For conservative vector fields, F = Vf, keep in mind that fis a function of two or three variables,

whereas F is a vector field.

Notice in Example 6 that the “constants of integration” are functions of the “other” variable. The final

answer has a true constant.

1. Describe the vector field F(x, y) =i+ j and compute ||F||

2. Describe the vector field F (x, y, z) =i+ j + k and compute ||F||

3. Determine whether or not the vector field F (x, y) = 5y*(yi + 3xj) is conservative.

4. Determine whether or not the vector field F (x, y) =

1

Jxi+y?

(i+]) is conservative.

5. Find the conservative vector field for the potential function f'(x, y) = x* —% ¥y

6. Find the conservative vector field for the potential function f'(x, y, z) = 6xyz.

7. Find the conservative vector field for the potential function /' (x, y, z) = z+ ye”Z .
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8. Find a potential function for the conservative vector field F (x, y) = yi + xj.

9. Find a potential function for the conservative vector field F (x, y) = X i+ > Y >

X+y? xP+y

10. Find a potential function for the conservative vector field F (x, y) = 3x%%i + 2x%j.
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Lesson 28: Curl, Divergence, Line Integrals

Curl, Divergence, Line Integrals
Lesson 28

I
Topics

e The curl of a vector field.

e The divergence of a vector field.

e Line integrals of functions defined on curves.

e Applications to mass.
Definitions and Theorems

e  The curl of the vector field F(x, y, z) is

curlF (x, y,Z):[a_P_a_Nji_(a_P_a_M)H(a_N_a_Mjk

oy oz ox 0Oz ox Oy
i j k
0 0 0
=VxF =< < 9
xFlx, . 2) =20 oy oz
M N P

e  Under suitable hypotheses, a vector field is conservative if and only if curl F = 0.

e The divergence of the field F(x, y, z) is divF(x, y,z)=V+F = oM | ON , OP
ox Oy oz

e Let Cbe aplanar curve given by r(7) = x(2)i +y(#)j, a<t<b.

The line integral of fis .[Cf(x, y)ds = ij(x(t), y(t))\/[x’(t)]2 +[y’(t)]2 dt.

A similar definition holds for curves in space.

e Differential of arc length: ds = \/[x’(t)]2 + [y’(t)]z + [z’(t)}z dt.
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Summary

Recall that most of the important vector fields in applications are conservative. Hence, we begin this lesson
with a test for conservative vector fields in space. This test involves the concept of the curl of a vector field, an
operation related to the cross product. The curl of a velocity field is related to its tendency to rotate. Another
important operation on a vector field is the divergence, which is related to sources and sinks for velocity fields.
Finally, we introduce line integrals for functions of two and three variables. These integrals are motivated by
the calculation of mass for a thin wire.

Example 1

Calculate the curl of the vector field F(x, y, z) = 2xyi + (x* + 22)j + 2yzk.

Solution

We use the determinant definition of curl:

i k| | i K

0 0 0 0 0 0

curlF(x, y,z)= B 5 =I=la 5 =
M N P| R2xy x*+z° 2yz

o 9| |l o |& 2o
= oy Oz |li—|dx Oz |j+|0Ox oy |k
xP+z2 2yz| [2xy 2yzl Rxy xT+zZ7

=(2z-22)i—(0-0)j+(2x—2x)k =0.
Notice that the curl is zero, so the vector field is conservative.
Example 2
Calculate the divergence of F (x, y, z) = x}yzi + x’zj + x}k.
Solution
We have divF(x, y,z)= 66_1\;1 +%—1)\; + %—f = a—i x3yzzJ +%[xzzJ + %[xzy].

Hence, divF =3x%y’z+0+0=3x"y"z.
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Lesson 28: Curl, Divergence, Line Integrals

Example 3
Evaluate the line integral J'C(x2 —-y+ 3z)ds, where C is the line segment given by r(z) = #i +2¢j + 1k, 0 <¢ < 1.
Solution

We first compute ds. Because x'(7)=1, y'(1)=2,2'(r) =1,

ds = \/[x'(t)}z + [y'(t)]z + [z'(t)]2 dit =~ +22+ 1 dt =6 dt.

The line integral becomes &
[[(x* - y+32)ds = jﬂl(ﬁ ~20+31)/6 dtz%.

Example 4

Calculate the mass of a spring in the shape of the circular helix
r(7) = cosi+sintj + 1k, 0 < 7 < 6r, if the density of the spring is
p(x,y,z)=1+z (See Figure 28.1.)

Solution

Figure 28.1
We have r'(¢) = —sinti + cos#j + k and ds =+/sin>#+cos> ¢t +1dt =~/2 dt.

So, the line integral is L(l +2z)ds = f”(l +1)N2dr =672 (37 +1).
You are asked to verify this integration in Problem 10.

Study Tips

You will often see the cross product notation for curl: curl F =V xF.

e  The vector field in Example 1 is conservative. The potential function is f'(x, y, z) = x%y + yz2 + K.

e Loosely speaking, curl is a measure of a field’s tendency to rotate. If curl F =0, we say that the
field is irrotational. For example, the radial field F (x, y) = xi + yj is irrotational, whereas the field

F(x,y)=yi— xj is not.

e You will often see the dot product notation for divergence: divF = V.F.
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Pitfalls

Loosely speaking, the divergence of a velocity field measures the tendency of the fluid to diverge from
a point. If the divergence of the field is positive, we have a source. If it is negative, we have a sink.

And if the divergence is zero, we say that the field is divergence free or incompressible.

The line integral discussed in this lesson is motivated by mass of a thin wire. Hence, the value of the
integral does not depend on the parameterization of the curve C. Furthermore, if the integrand is 1,

we have the formula for arc length.

Notice the differential of arc length ds = \/ [x’(t)]2 + [ y’(t)]2 + [z’(t)]2 dt in the definition of

line integral.

The divergence of a vector field is a scalar function, whereas the curl is a vector field.

Line integrals should really be called “curve integrals” because they are defined on curves in the

plane or space.

1. Find the curl of the vector field F(x, y, z) = xyzi + xyzj + xyzk.

2. Find the curl of the vector field F (x, y, z) = e*sinyi — e*cosyj.

3. Verify that the curl of the vector field F (x, y) = —yi + xj is curlF = 2k.

4. Determine if the vector field F (x, y, z) = sinzi + sinxj + sinyk is conservative.

5. Find a potential function for the conservative vector field F (x, y, z) = x)?2% + x?yz%j + x??zK.

6. Find the divergence of the vector field F (x, y) = x%i + 2)?j.

7. Find the divergence of the vector field F (x, y, z) = sinxi + cosyj + z°k.

8. Evaluate the line integral L xyds, where Cis the path r(#) =4+ 34j, 0<r< 1.

9. Evaluate the line integral L(xz +y2+z? )ds, where C is the path r(#) = sinti + cos#j + 2k, 0 < ¢ < %

10. Verify that [ (1+1)v2dr =622 (37 +1).
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Lesson 29: More Line Integrals and Work by a Force Field

More Line Integrals and Work by a Force Field
Lesson 29

[
Topics

e Line integrals of vector fields.

e  Work.

e Line integrals in differential form.
Definitions and Theorems

e Let Cbe aplanar curve given by r(z) =x(2)i + y(2)j, a <t < b. If F is a vector field with unit tangent
vector T, then the line integral of F is

[ Fedr= [ FeTds = [ (x(1). y(2))or'(¢) .

A similar definition holds for curves in space.
e The increment of work is dWW = F+Tds = Fedr.
e Line integrals in differential form: If F (x, ) = Mi+ Nj, then [ Fedr = [ Mdx+ N db.
A similar definition holds for curves in space.
Summary
The extension of line integrals to vector fields is motivated by the calculation of work. We illustrate the
definition with examples of line integrals for vector fields. In all cases, the line integral is converted to a
single integral. We will see that the orientation of the path matters, unlike the situation with line integrals
of functions developed in the previous lesson. We close the lesson by introducing the differential form of the
line integral.

Example 1

Let C be the quarter circle r(t) =costi+sintj,0<¢ < %, and let F (x, y) = 3xi + 4yj. Calculate the line integral
JF-dr. (See Figure 29.1.)

C
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Solution
We have jCF-dr: rF(x(t),y(t))-r’(t)dt and r'() =—sini+cosfj.
So, F(x, y)=3xi+4yj=3costi+4sinij.

Finally, v
r(t) =costi+sintj

| T
[ Fede = [R(x(0). (1) (1) =3 0<r<3

= J;% [3 costi+4sin tj]-[—sinti +cos tj] dt

= .E%[—3costsint +4sintcost]dt

2 % I
:L%sintcostdt:[sn;‘ Z} :%.

0

Figure 29.1

Example 2

Find the work done by the force field F(x, v, z) = —%xi -1 Vj+ 1y ona particle as it moves along the helix

2 4
r(t) =costi+sintj+k from (1,0, 0) to (~1, 0, 37).
Solution

r'(t) =—sinfi+cos?j+k. For the path between the two points, 0 <7< 3x.

The force field is F(x, v, z) = —%xi —%yj +%k = —%cosri —%sintj +%k.

The work is

W= ICF-dr = fF-r'(Z)dt

= 3”(—lcosti—lsintj +lk) o(—sinzi+coszj+k)dt
2 2 4

= 3”(lSil’ltCOSf—lSintCOSZ+l)dI
2 2 4

3z

37 ] 1 3z
=| =dt=|=t| ==
4 [4 }0 4
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Lesson 29: More Line Integrals and Work by a Force Field

Example 3

Evaluate the line integral J'C ydx+x’dy, where C is the parabola y = 4x — x* from (4, 0) to (1, 3).

Solution

We have y = 4x — x> = dy = (4 — 2x) dx. Notice that x goes from 4 to 1. So,

This integral is easy to evaluate, and the final answer is Q.

_[Cydx+x2dy: J:[(4x—x2)dx+x2 (4—2x)dx]

= J:[4x+3x2 —2x3:|dx.

2

Study Tips

Pitfalls

110

From the definition of line integral, you see that work is greater if the force is applied in the direction

of motion.

Line integrals of force fields do not depend on the parameterization of the curve.

The line integrals discussed in the previous lesson were motivated by mass of a thin wire. Hence, the
value of the integral does not depend on the orientation of the curve C. However, for line integrals of

vector fields, the orientation is important.

If we reverse the orientation of the path—for instance, in Example 3—the value of the line integral

would be the negative of the original answer.

Remember that line integrals of vector fields depend on the orientation of the path, whereas line

integrals of functions f (x, y, z) do not.

The notation for line integrals of vector fields can be confusing. Remember that if F (x, y) = Mi + Nj,
then [ Fedr= [Fer'(1)dt = [ M+ Ny,



1.

10.

Evaluate the line integral LF-dr, where F(x, y) = xi + yj and C is the curve given by
r(t)=ti+1,0<t<1.

Evaluate the line integral J.CF-dr, where F (x, y) = 3xi + 4yj and C is the curve given by

r(f)=6+y4-1"j,2<t<2.

Evaluate the line integral LF-dr, where F (x, y, z) = xyi + xzj + yzk and C is the curve given by
r(t)=f+7j+2k,0<¢<1.

Evaluate the line integral J.CF-dr, where F (x, y, z) = xi + yj — 5zk and C is the curve given by
r(z) =2costi+2sintj + 1k, 0<r<2x.

Find the work done by the force field F (x, ) = xi + 2yj on a particle moving along the path
C:x=t,y="7~ from (0, 0) to (2, 8).

Find the work done by the force field F(x, y, z) = yzi + xzj + xyk on a particle moving along the
line C from (0, 0, 0) to (5, 3, 2).

Evaluate the line integral L(3y —x)dx+ y* dy, where C is the path given by x =27,y =102, 0 <7< 1.
Evaluate the line integral L(x +3y° )dy, where C is the path given by x =27,y =10, 0 <7< 1.

Evaluate the line integral LF-dr, where F(x, y) = x% + xpj and C is the curve given by r(#) = 2zi + (¢ — 1)j,
1<¢<3.

Evaluate the same line integral in Problem 9 but with the orientation reversed: r(f) = 2(3 — £)i + (2 — ¢)j,
0 <¢<2. What do you observe?
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Fundamental Theorem of Line Integrals
Lesson 30

I
Topics
e The fundamental theorem of line integrals.
e Smooth curves, piecewise smooth curves, simple curves, and closed curves.
e  Path independence.
Definitions and Theorems
e The fundamental theorem of line integrals: Let C be a piecewise smooth curve in the open region R

given by r(#) = x(¢)i + y(¢)j, a <t < b. Let F = Mi + Nj be conservative, M and N continuous, and fa
potential for F. Then,

ICF~dr = LVf-dr = f(x(b), y(b))—f(x(a), y(a)).
A similar property holds for line integrals in space.

e The curve r(7) =x(2)i +y(#)j +z(¢)k, a < < b is smooth if the derivatives of the component
functions are continuous and are not simultancously zero. The curve is piecewise smooth if it can be
partitioned into a finite number of subintervals, on each of which the curve is smooth. The curve is

simple if it does not cross itself, except possibly at the endpoints. The curve is closed if r(a) = r(b).

e A region is simply connected if it is connected (one piece) and every simple closed curve in the

region encloses only points that lie in the region.

e Under suitable hypotheses, the following are equivalent: (1) F is conservative, (2) the line integral is

independent of path, and (3) the line integral is zero for any closed curve.

e Law of conservation of energy: In a conservative force field, the sum of potential and kinetic energies

of an object remain constant from point to point.
Summary
Many of the important vector fields for applications are conservative, such as gravitational and electric fields.

For such fields, the line integral between any two points is simply the difference of the potential function

evaluated at those points. In other words, the line integral is independent of path. In this lesson, we present this

Lesson 30: Fundamental Theorem of Line Integrals

fundamental theorem of line integrals and illustrate it with examples. We study properties of curves in space,
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including smooth curves, piecewise smooth curves, simple curves, and closed curves. We obtain an important
theorem for conservative vector fields defined on simply connected regions. Finally, we discuss the famous law
of conservation of energy.

Example 1

Find the work done by the force field F(x, y) = 2xyi + x%j on a particle that moves from (0, 0) to (1, 1) along

the path y =x.
Solution
The path is r(z) = fi + £j, 0 < < 1 and r’(t)=%:i+j.

The vector field is F (x, y) = 2xyi + x%j = 2(¢)(¢)i + £j = 2/ + 7. Hence, the work is
_ M2 2\ N (R [ _
W= _[CF-dr_ ,[)(Zt i+0))(i+j)dr = LSt di=[r] =1.
Example 2

Calculate the line integral IF-dr, where C is a piecewise smooth curve from (-1, 4) to (1, 2) and
F(x,y)=2xi+ (¥ =p)j. ©

Solution
The vector field is conservative with potential function
f(xp)=x7y —%yz
because
Vf(x,y) :V(xzy—%yz) =2xyi+(x*—y)j=F(x, ).
By the fundamental theorem of line integrals, we have

jCF-dr = jCVf-dr
=/ (x(8). »(8)) = f (x(a). y(a))
=/(1,2)=f(-1.4)
_ [12 (2)—%22}—[(—1)2 (4)—%42} —4
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Lesson 30: Fundamental Theorem of Line Integrals

Example 3

Evaluate the line .[CF-dr, where C is a piecewise smooth curve from (1, 1, 0) to (0, 2, 3) and
F(x,y, z) = 2xyi + (x? + 22)j + 2yzk.

Solution

The curl of F is zero, so the vector field is conservative. The potential function is f(x, y, z) = x? + yz2. By the
fundamental theorem of line integrals,

[ Fedr= [ V7edr=(0.2,3)- £ (1,1,0)=[ (02)(2)+2(3)" |- (1*) (1) +1(0)* | =17.
Example 4

Calculate LF-dr, where F(x, y) = (3 + 1)i + (3x)* + 1)j and C is the semicircular path from (0, 0) to (2, 0).
(See Figure 30.1.)

Solution 2T
C: r(t) = (1 —cost)i +sintj
We will illustrate three possible solutions to this problem. c Cyr (t) =1
l .
Solution 1
Parameterize the curve as r(t) = (l —cost)i+singj,0<r< 7. (0,0) (2,0)

Then, r'(¢)=sinzi+cost j and Figure 30.1
J.CF-dr = .L”[(sin3 t+ l)i + (3(1 —cost)sin’ 1+ l)j]-[sin fi + cos tj] dt
= [[(sin* t+sinz+3(1-cost)sin’ scos + cost ) dt.
This is a very complicated integral. A calculator gives the answer of 2.
Solution 2

The vector field is conservative with potential /' (x, y) = x)* + x + y. By the fundamental theorem of line

integrals,

[[Fedr = [ Vfedr=1(2,0)-(0,0)=2-0=2.
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Solution 3
Use a simpler path joining the points: C: r(z) =i, 0 <7<2.
Then, the vector field is F (x, y) = (y* + 1)i + (3xy? + 1)j =i + j. Because r'(r) =i, we have
[ Fedr = [[i+ilside= [1ar=[]; =2.
Notice that all three techniques give the same answer. Which method do you prefer?
Study Tips
e Ifa vector field is conservative, then the line integral between any two points is simply the
difference of the potential function evaluated at those points. The line integral is independent of

path. For example, the vector field in Example 1 is conservative, with potential /' (x, y) = x?. By the

fundamental theorem of line integrals,

ICFudrz ICVf-dr=f(1,1)—f(0, 0)=(1*)(1)-0=1-0=1.

e Note the similarities between the fundamental theorem of calculus and the fundamental theorem of
line integrals:

L” F(x)dx = f’ F'(x)dx = F(b)- F(a)
[[Fedr = [ Vfedr=7(x(b). »(b))=/(x(a), y(a)).

You can use any potential you want in the fundamental theorem of line integrals. For instance, in Example 2,
you could use f(x,y)=xy —%yz + K for any constant K.

Pitfall

e When using the fundamental theorem of line integrals, you must make sure that the vector field

is conservative.

1. Determine whether the vector field F(x, y) = e*sinyi + e*cosyj is conservative.
1

2. Determine whether the vector field F(x, y) = —i+-%j is conservative.
y oy

3. Determine whether the vector field F (x, y, z) = ylnzi — xInzj + 'k is conservative.
z
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2 2
4. Evaluate the line integral J; 2xy abc+(x2 +y? )dy, where C is the ellipse %+i}—6=1 from (5, 0) to (0, 4).

5. Evaluate the line integral L 2xydx + (x2 +y? )dy, where C is the parabola y = 4 — x? from (2, 0) to (0, 4).
6. Evaluate the line integral J; yzdx+xzdy+xydz, where Cis the curve r(¢) =i+ 2j + 1k, 0<r<4.
7. Evaluate the line integral J; yzdx+xzdy+xydz, where Cis the curve r(¢) =i+ tj + Pk, 0 <1< 2.

8. Evaluate the line integral J; cos xsin y dx +sin xcos y dy, where C is the line segment from (0, —7)
to (3_7r 1)
2°2)
2
9. Find the work done by the force field F(x, y) = 2x; _x_z j in moving an object from the point (—1, 1) to
Yy oy

the point (3, 2).

10. Verify that F(x, y) = — Y —i-— X —j is conservative.
X +y X +y

What is the value of the line integral jCF-dr if C is the circle x> + (y — 4)* = 1?
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Green’s Theorem—Boundaries and Regions
Lesson 31

o ——
Topics
e  Green’s theorem.
e Conservative vector fields and Green’s theorem.
Definitions and Theorems

o Green’s theorem: Let C be a piecewise smooth closed curve, oriented counterclockwise. The curve is

traversed once with the simply connected region R on its left. Then,

J.Cde+Ndy:_1U(%—])\C/—%jdA.

Summary

Green’s theorem relates a line integral around the boundary of a region with a double integral over the
entire region. We begin by illustrating the theorem with an example, and then we state the general theorem.
Green'’s theorem implies that for conservative vector fields, the line integral around any closed curve is zero.

Finally, we show how Green’s theorem is related to the rotational tendency of a velocity field.
Example 1

Let R be the region in the first quadrant bounded by the graphs of 41

y=xandy=x%
Let C be the boundary, oriented counterclockwise.

Calculate Icyz dx+x” dy. (See Figure 31.1.)

Solution
. . . . i Figure 31.1
Notice that we are using differential notation here.
That is, jcyz dx+x>dy = ICde+Ndy, where F (x, y) = Mi + Nj =% + x¥j.
Also, the force field is not conservative because e 2x #——=2y.
X

oy
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Lesson 31: Green’s Theorem—Boundaries and Regions

We can parameterize the boundary as

Ao fi+17j, 0<r<1
()= (2-1)i+(2-1)j15r<2

Hence, there are two integrals to evaluate. The first one goes along the parabola C, from (0,0) to (1, 1):
r(1)=d+rj,0<r<Lr'(r)=i+2.

Because x =1, dx = dt, y = £, dy = 2tdt, the line integral is

J. Vide+xtdy = J;[ dt+t (tht)}

= Ll(t“ +21 )dt

The second path C, is the line from (1, 1) to (0, 0): r(r) = (2 —1)i+ (2 —1)j, 1 <1 <2, r'(1)=—i—j.

Because x =2 — 1, dx =—dt,y =2 — t, dy = —dt, we have

[ 7" dveady = f[(Z—t)z (=dt)+(2 1)’ (~dr) |
= [2(2-1)’ (=dn)

Combining these results,

Yavixidy=L _2-1
foy vt dy 10 330

Green’s theorem says that the line integral around the boundary equals a certain double integral over the

enclosed region.

J'J'[ ON oM j
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oM

o =2y, and N:xz,a—N:2x. So, we have

ox

jRj(%fz aaj;[jdA [ [ (2x-27)dy e
- E[zw—yz]f; ds

—J;[ 2x —x’ 2x -Xx )de

Here, M =y*, =~

We have verified in this example that j M dx+ Ndy H ( ON 661\)/1 jdA.
Example 2

A particle travels once counterclockwise around the circle of radius 3 centered at the origin, subject to the
force F(x, y) = i + (x* + 3x)?)j. Use Green’s theorem to find the work done by the force field.

Solution

Notice how we convert to polar coordinates.
_ 3 3 2
W = J.Cy dx+(x +3xy )dy

- (8- o

= [[(3x? +3y2 =3y*)dd = [[3x> d4
; :
= [ [[3(rcos®)’ rdrae.
We can evaluate this integral using a half-angle formula:
W= [3(rcost) rdrdo=3 Jj”{%cosz QI do

81 2 _ 243 7 1+cos26
3( )L sed9_4jo S=de

:g[msmze} 243(2 )_2437z
8 2



Lesson 31: Green’s Theorem—Boundaries and Regions

Example 3 Y

Calculate Iy3 dx+3xy” dy, where C is the curve in Figure 31.2.
Solution

The vector field is conservative: —

C

dy T \ X
Hence, the line integral is zero, .[C V> dx+3xy* dy=0. /

Figure 31.2

Study Tips

Pitfall

Green’s theorem can be extended to regions that are not necessarily simply connected.

Green’s theorem is a planar theorem. Generalizations to space will come in later lessons: the

divergence theorem and Stokes’s theorem.

Some texts use the notation C:FCF-dr for a line integral around a closed curve C.

Recall that for conservative vector fields, %—N = 6_M, the value of a line integral over a closed curve is
X

zero. This is easily seen from Green’s theorem:

fCde+Ndy:jRj(%—];’—%jdA=o.

When using Green’s theorem, you must make sure that the boundary curve C is traversed once so that

the region R is on the left.

1. Verify Green’s theorem for the line integral IC y* dx+x* dy, where C is the boundary of the region lying

between the graphs of y =x and y =+/x.

2. Use Green’s theorem to evaluate the line integral L( y—x)dx+(2x—y)dy, where C is the region lying
inside the semicircle y =+/25—x* and outside the semicircle y =+ 9—x?.

3. Use Green’s theorem to evaluate the line integral J;( y— x) dx + (2x - y)dy, where C is the ellipse

x=2cos6, y=sin6.
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Use Green’s theorem to evaluate the line integral L e’ cos2ydx—2e"sin2ydy, where C is the circle
xX+y?=09.

Find the work done by the force F(x, y) = xyi + (x + y)j that is moving a particle counterclockwise once
around the unit circle x> +)? = 1.

Find the work done by the force F(x, y)= (x% - 3y)i + (6x + Sﬁ)j that is moving a particle
counterclockwise once around the triangle with vertices (0, 0), (5, 0), and (0, 5).
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Lesson 32: Applications of Green’s Theorem

Applications of Green’s Theorem
Lesson 32

|
Topics

e Green’s theorem.

e  Applications of Green’s theorem to area.

e The area enclosed by a polygon.

e  An alternate form of Green’s theorem.
Definitions and Theorems

o Green’s theorem: Let C be a piecewise smooth closed curve, oriented counterclockwise. The curve is

traversed once with the simply connected region R on its left. Then,

J.Cde+Ndy:_1U(%—])\C/—%jdA.

o _aM

P =1. Then,

e  Green’s theorem and area: Select functions M and N such that

[ M+ Ny :ij(%—f—%j dA = ﬂl dA = area of R.

e If R is a planar region bounded by the closed curve C, oriented counterclockwise, then the area
. 1
enclosed is 4= 3 J; xdy—ydnx.

e The area of a polygon with vertices (x,, y,), (x,,,), ..., (x,, y,) is
1
A :E[(xlyZ — NN )""(xz)h _x3y2)+"'+(xn—lyn X,V )+('xnyl X1V )J
e  Alternate form of Green’s theorem:

[ Fedr=[ M+ Ny = J;j(%—];]—%—];}/[)dA - [feur Pk,

Summary
In this lesson, we continue our study of Green’s theorem. We begin with an example of how Green’s theorem

permits us to evaluate a line integral by calculating a corresponding double integral. We then show how

Green’s theorem can be used to calculate the area of a planar region. We end the lesson with a brief look at an

alternate form of Green’s theorem, one that we will later generalize to Stokes’s theorem.
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Example 1

Use Green’s theorem to evaluate the integral L( y—x)dx+(2x—y)dy, where Cis the boundary of the region
between the graphs of y =x and y = x* — 2x.

Solution

We can determine the region by finding the points where the

graphs intersect.
x=x2-2x = 3x—x*=0=>x(3-x)=0 = x=0,3.

So, the graphs intersect at (0, 0) and (3, 3). (See Figure 32.1.)
y=x>-2x

You will need two line integrals: one from (0, 0) to (3, 3) along

the parabola and one from (3, 3) back to the origin along the line.

The solution by Green’s theorem is much easier.

N
ox

2 and M=y-x=M _y

Wehave N=2x-y—=
oy Figure 32.1

Thus, the integrand for Green’s theorem is %_])\c[ —%—Aj =2-1=1.

[S)
(S}

+
%<
l

Finally, the line integral is

:}le

[ (y=x)dx+(2x-y)dy = [[1d4

= .E.[;m dydx = E[y];iz)r dx —\
= Jj(x—x2 +2x)dx: Jj(?ax—xz)dx

{3;& _ﬁ}3:g_9:9
0

2 3 2 2"

Figure 32.2

Example 2

2 2
Use a line integral to find the area enclosed by the ellipse 2—24-;;—2 =1. (See Figure 32.2.)
Solution

We can parameterize the ellipse as x =acost, y=bsint,0<¢<2x. Then, dx=—-asintdt and dy =bcostdt.
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Lesson 32: Applications of Green’s Theorem

So, the area of the ellipse is

_1 _
A—2 Lxdy ydx

27 . . (3,2)
:% J; [(a cost)(bcost)—(bsint)(—a smt)] dt

= %b LG(cosz t+sin? t)dt

—ab 1 dtza—bt”:ﬁab. —+
2

0

Example 3 Figure 32.3
Find the area of the pentagon with vertices (0, 0), (2, 0), (3, 2), (1, 4), (-1, 1). (See Figure 32.3.)
Solution

Using the formula for area of a polygon, twice the area is

[0(0)-0(2)]+[2(2)-3(0)]+[3(4) = 1(2) ]+ [1(1) = (=D)(H ]+ [(=D(0) - 0(D) ]
=0+4+10+5+0=19.

Dividing by 2, the total area is %

Study Tips

In Example 1, we actually found the area of the region.
e The area of an ellipse is wab. If the ellipse is a circle, then a = b, and we get the area of a circle, 7a?.

e A planimeter is an engineering device for calculating the area of a region by tracing out its boundary.
It is based on Green’s theorem.

e The key to the formula for the area of a polygon is the value of the line integral
[Lxdy—yex=xy,-xp,

where C is the line segment joining (x,, y,) and (x,, y,). You are asked to derive this formula in
Problem 5.
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Pitfall
e When using Green’s theorem, the curve must be oriented counterclockwise around the region.

1. Verify that the line integral L( y—x)dx+(2x—y)dy along the parabola y =x>—2x,0 <x <3 is 9.

2. Use a line integral to find the area of the circle x> +y? = @,

3. Use a line integral to find the area of the region bounded by the graphs of y=5x -3 and y = x>+ 1.

4. Calculate J‘C%_;dy if C is a circle oriented counterclockwise that does not contain the origin.

5. Let Cbe the line segment joining the points (x,, y,) and (x,, ,).
Verify the formula jc xdy—ydx=xy, —x,),.

6. Find the area enclosed by the hexagon with vertices (0, 0), (2, 0), (3, 2), (2, 4), (0, 3), (-1, 1).

7. Prove that L f(x)dx+g(y)dy=0 if fand g are differentiable functions and C is a piecewise smooth
simple closed path.
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Parametric Surfaces in Space
Lesson 33

I
Topics

e  Parametric curves.

e  Parametric surfaces in space.

e Normal vectors to parametric surfaces.

e Surface area and the differential of surface area.
Definitions and Theorems

e  As the real numbers u and v vary across their domains, the function

r(u, v) =x(u, v)i+y(u, v)j +z(u, v)k
traces out a parametric surface.
e Consider a parametric surface and its partial derivatives,

r(u,v) =x(u, v)i+y(u,v)j+z(u,v)k

. Oy
ru(u,v):g—z i J+SZ

. Oy
rv(u,V)Z% a J+gi

A normal vector to the surface is the cross product N=r xr,.

e The differential of surface areais dS =

Summary

In this lesson, we extend our knowledge of parametric curves to parametric surfaces. A parametric surface
is given by a vector-valued function having two parameters. As the parameters vary over their domains, the

function traces out a surface in space. We will use the cross product of partial derivatives to construct normal

Lesson 33: Parametric Surfaces in Space
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vectors to parametric surfaces. We close the lesson with the integral for surface area and the corresponding

differential of surface area.
Example 1
Sketch the parametric surface given by

r(u, v) =3cosui+ 3sinuj + vk, where 0 <u <27, 0<v <4,

Solution

For each point (x, y, z) on the surface, we have x =3 cosu, y = 3sinu.

This means that x> + 2 = 9, which tells us that the surface is a right Figure 33.1
circular cylinder of radius 3 and height 4. (See Figure 33.1.)
Example 2

Describe the surface r (u, v) =ui+vj+ %k.

Solution

Because y — 2z = 0, this surface is a plane in space.
(See Figure 33.2.)

Example 3 Figure 33.2

The paraboloid z = x* + y? can be described as a parametric surface
r(u, v) = ui+ vj + (v* +v?)k. Find an equation of a normal vector
to this surface at the point (1, 2, 5). Then, find an equation of the
tangent plane to the surface at the point.

Solution
The partial derivatives are r, =i + 2uk, r, = j + 2vk. Their cross
product is r, x r, = 2ui+ 2vj — k. At the point (1, 2, 5), the normal

vector is N =2i + 4j — k.

Notice that this vector is an outward normal vector because the third

component is negative.

The tangent plane is 2(x — 1) + 4(y —2) — (z— 5) = 0, which
simplifies to 2x + 4y — z = 5. (See Figure 33.3.) Figure 33.3
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Example 4

Find the area of the unit sphere r(u, v) = sinucosvi + sinusinvj + cosuk, where 0 <u <z, 0 <v < 2.
Solution

We know that the answer should be 477? = 4. In Problem 9, you are asked to use trigonometric identities
to verify that the surface is indeed a unit sphere. To use the formula for surface area, first calculate the

partial derivatives.

r, = cosucosvi+ cosusinvj —sinuk
r, = —sinusinvi + sinucosvj.

=sinu.

As shown in Problem 10, the magnitude of the cross product is |r, xr,

dA = J‘:” L” sinududv=4r.

r, Xr,

Finally, the surface area is ”
D
Study Tips

e  Parametric curves in the plane and space, such as r(¢) = 3 coszi + 4sin¢j + ¢k, have one parameter, 7.

Parametric surfaces, such as r(u, v) = ui + vj + (#* + v?)k, have two parameters, u and v.

e You can always describe a surface z = f(x, y) as a parametric surface by simply writing
r(x,y)=xi+yj+f(xyk

e Ifthe surface is given by the function z = f(x, y), then the surface can be described by the parametric

equation r(x, y) = xi + yj + f(x, y)k.

The partial derivatives are r, =i+ L k and r, =j+ g k.
Ox 7 oy
2 2
The cross product is r, xr, :—%i—%j+k and |r, xr, :\/(%j +(%} +1.

Pitfalls

e The Mdbius strip is an example of a surface with only one side. We will see later that the Mdbius

strip is not orientable.
e Notice that the normal vectors to a surface, N, =r xr and N,=r xr,=—N,, point in opposite

directions. For instance, in Example 3, the two normal vectors are r xr, =2ui+2vj—kand
r xr =—2ui—2vj+k
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1. Describe the parametric surface r(u, v) = ui + (u + v)j + vk.
2. Describe the parametric surface r(u, v) = ucosvi + usinvj + uk.

3. Find an equation of the normal vector to the surface r(u, v) = (u + v)i + (z — v)j + vk at the point
(1,-1,1).

4. Find an equation of the normal vector to the surface r(u, v) = 2ucosvi + 3usinvj + v’k at the point
(0,6,4).

5. Find an equation of the tangent plane to the surface in Exercise 3 at the same point. What do you observe?
6. Find an equation of the tangent plane to the surface in Exercise 4 at the same point.
7. Find the surface area of the portion of the plane r(u, v) = 4ui — vj + vk, where 0 <u <2 and 0 <v <1,

8. Find the surface area of the portion of the cylinder r(u, v) = 2 cosui + 2 sinuj + vk, where 0 < u < 27 and
0<v<3.

9. Verify that the surface r(u, v) = sinucosvi + sinusinvj + cosuk, where 0 <u <wand 0 <v<2rm, isa
sphere of radius 1.

10. Verify that the magnitude of the cross product of the vectors

= cosucosvi+ cosusinvj — sinuk

r
u
r = —sinusinvi + sinucosvj

is =sinu.

r, XT,
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Lesson 34: Surface Integrals and Flux Integrals

Surface Integrals and Flux Integrals
Lesson 34

Topics

130

Surface integrals.

Surface integrals and mass.

Parametric surfaces and surface integrals.

Orientable surfaces.

Flux integrals.

Definitions and Theorems

Let the surface S be given by z = g(x, ), and let f(x, y, z) be defined at all points on S. Let R be the
projection of S onto the xy-plane. With suitable hypotheses on f'and g, the surface integral is

JJ7Gey.z)as = [[7 ey (v )1+ () +(g,) at

The differential of surface area is dS =/1+(g, )2 + (gy )2 dA.

Consider the parametric surface r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k. The surface integral is

.[J-f(x, y,z)dS = .gf(x(u, v),y(u,v),z(u, v))dS,

where dS =

r, (u,v)xr, (u, v)" dA is the differential of surface area.

A surface S is orientable if a unit normal vector N can be defined at every nonboundary point on S

such that the normal vectors vary continuously over the surface.

Let z = g(x, y) be an orientable surface, and let G(x, y, z) = z — g(x, y). The gradient of G is normal to

the surface.

VG(x, Y,z

So, a unit normal to the surfaceis N=——
"VG(x, ¥, z)

, Or its negative.




For a parametric surface r(u, v) = x(u, v)i + y(u, v)j + z(u, v)K, the cross product of the partial

derivatives is normal to the surface.

. . r, XT, . .
So, a unit normal to the surface is N =————, or its negative.
r Xr

v u

Let F(x, y, z) = Mi + Nj + Pk have continuous first partial derivatives on the surface S with unit
normal N. The flux integral of F across S is ” F.NdS. Notice that this is a surface integral.
N

Evaluation of a flux integral: If the surface is z = g (x, ), let G(x, y, z) =z — g(x, ).

The gradient of G is VG =(-g,)i+(-g,)j+k and |[VG|=,/(g. )2 +(g, )2 +1.

VG(x, v, z)

A unitnormal isN=—————
"VG(x, v, z)

, and the differential of surface area is dS = \/( g, )2 +(g, )2 +1dA.

Finally,

VG x v,z
NdS = |VG x e ",[ gx g} +1dA VG x v,z )dA.

Summary

In this le

in space,

sson, we study surface integrals and flux integrals. Surface integrals are integrals defined on surfaces

a generalization of line integrals defined on curves in space. We define surface integrals for surfaces

of the form z = g (x, y) and also for parametric surfaces. We then study flux integrals, which model the flow

of a liquid through a surface. These topics lead to the major theorems in the final two lessons: the divergence

theorem

and Stokes’s theorem.

Example 1

Evaluate

where S is the first-octant portion of the plane z=3—x 1 V.
(See Figure 34.1.)

Solution

The partial derivatives are g, (x, y) =-lLg, (x, y) =-

the surface integral

.[J-(y2+2yz)dS,

2

Figure 34.1

N | —

The differential of surface area is

T[T, 3
- 1+(gx)2+<gy)2dA:ﬁdA=\/;dA:§dA.
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Lesson 34: Surface Integrals and Flux Integrals

So, we have
g -4 g
= [l or-20] 3
- £I[6y_2xy](%)dA=3£jy(3—x)dA.

The region R is a triangle, so the integral becomes

3”)/(3 Wdd=3[ [ y(3- xdydx—243

You are asked to evaluate this integral in Problem 3.
Example 2

Consider a cup given by the formula S: z= /9 —x” —y*. Find the
mass of the cup if the density is p(x, y, z) = 2z. (See Figure 34.2.)

Solution

—X

. .. -y
The partial derivatives are g, = and g, = —=———
g 9_x2_y2 g} I9_x2_y2
ds = 1+(gx)2+<gv)2dA
2 2
=\/1+ X A
9—-x"-y° 9—-x"-y
9—x*—y*)+x*+y
_ 2) 2 U= ——3 4
9-x"-y 9—x*—y*

Therefore, the mass is

mass = J;Ip(x, y,z)dS = _ﬂh[ﬁ] dA

X

— — —_ —3 =
_Rjz 9—x’ y2[m]dA .I[J'6dA.

Because R is a circle of radius 3, m=6 HdA = 6(7z32 ) =54r.
R
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Example 3
Set up the surface integral H( yr+2 yz) dS, where S is the first-octant portion of the plane
N
r(u, v) = ui+vj+(3—u —%v)k.
Solution

This is the same problem as Example 1, but now we are using parametric equations. The partial derivatives are

r=i-Kandr, =j—%k.

Their cross product is r, xr, =i +% j+k, which implies that |r, xr, | = EX

Finally, the surface integral is J;I(yz + 2yz)dS = J;I[vz + 2v(3 —u —%vﬂ (%) dA = %

This is the same integral as Example 1, but using different letters for the variables.
Example 4

Let S be the portion of the paraboloid z = g(x, y) = 4 — x> — y? lying above the xy-plane and oriented by an

upward unit normal.
A fluid is flowing through the surface according to the vector field F(x, y, z) = xi + yj + zk.
Find ”F-N dS, the rate of mass flow through the surface. (See Figure 34.3.)

s
Solution z
We have G(x,y,z) =z—g(x,y) =z — (4 —x>—?) and, hence,

NdS = VG(x, v, z)dA =(2xi+2yj+k)dA.

The rate of mass flow is the flux integral:
[[FeNds = H[xi+yj+(4—x2 —yz)k]-[zxi+2yj+k]dA
N R
= H(2x2 +2y% +4—x7 —yz)dA
f Y

= H(4+ x*+y? )dA.
R Figure 34.3
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Lesson 34: Surface Integrals and Flux Integrals

Next, convert to polar coordinates to obtain
[[(4+22 +y*)aa= [ [ (4+r*)rardo
R
= [" [[(4r+r*) drde
- L2”|:2r2 +%I do

= [ 8+4)do=247.

Study Tips

e An orientable surface has two distinct sides, such as spheres, paraboloids, and planes.
The Mébius strip is not orientable.

e  Flux integrals are motivated by fluid flow through an orientable surface.

e A flux integral is a surface integral over S of the normal component of the vector field FsN.

It represents the amount of liquid crossing the surface per unit of time.
Pitfall

e Flux integrals are only defined for orientable surfaces. For example, the Mobius strip is
not orientable.

1. Evaluate the surface integral ﬂ(x —2y+ z)dS, where S is the surfacez=4 —x,0<x<4,and 0 <y < 3.
s

2. Evaluate the surface integral ﬂ xydS, where Sis the surfacez=5h,0<x<2and 0<y < Ja-x7.
S 243

3. Verify the integration 3 'E 'LZ(H) y(3—x)dydx= =

4. Evaluate the surface integral ﬂ ( y+5 )dS , where S is the parametric surface r(u, v) = ui + vj + 2vk,
0<u<land0<v<2. $

5. Set up the integral in polar coordinates for the surface integral ”ﬂ dS, where S is the surface z = x? + )7,
z
4<x*+y*<16. §
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Set up the flux integral ”F-N dS, where F(x, y, z) = 3zi — 4j + yk and S is the surface z =1 — x — y in the
N

first octant.

Use polar coordinates to set up the flux integral ” FeNdS, where F(x, y,z) =xi+yj +zk and S is the

surface x? + 2 + z> = 36 in the first octant. §
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Divergence Theorem—Boundaries and Solids
Lesson 35

I
Topics
e  The divergence theorem.
e The divergence theorem and Green’s theorem.
e  Sources and sinks.
e  Gauss’s law.
Definitions and Theorems
e Let QO be asolid region in space bounded by the surface S oriented outward by a unit normal N.

Let F(x, y, z) be a vector field whose component functions have continuous first partial derivatives.

The divergence theorem states that

[[FeNas = jgjj divF dV.

N
o IfdivF > 0, we say that we have a source. If divF < 0, we have a sink.
o  Gauss’s law relates the flux out of a surface to the total charge inside the surface.

In particular, if £ is an electric field, then ﬂE-N das = g
£
5 0
Here, Q is the electric charge inside a sphere, and ¢ is the permittivity of space, or the
electric constant.

Summary

The divergence theorem relates a flux integral over the boundary of a solid with a triple integral over the entire
solid. After stating the theorem, we verify both sides of the equation with a simple example. We then show
how the divergence theorem is the three-dimensional analog of Green’s theorem. We discuss how the concept
of divergence is related to fluid flow. The divergence theorem is similar to Gauss’s law of electrostatics, which

relates the flux out of a surface with the total charge inside the surface.

Lesson 35: Divergence Theorem—Boundaries and Solids
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Example 1

Let QO be the solid region between the paraboloid z =4 — x? — »* and
the xy-plane. Verify the divergence theorem for the function
F(x,y, z) = 2zi + xj + y’k. (See Figure 35.1.)

Solution

Let’s first do the flux integral. We have two surfaces to consider.

The flat plane S: x* + y* < 4 has outward unit normal N, = —k.

So, for this surface, Figure 35.1

HF-Nl ds = ”F k)dS = ﬂ[zzl+xj+y2k] k)dA = ﬂ
Si Si
Next, use polar coordinates:

l.[(_yz)dA = Jj” Lz—(rsinﬁ)z rdrdf

T T 4 2
=—f f i~ sinzgdrdaz—f [”—sin2 9} do
o o 4 0

= ["4sin? 0a0 =4 [ 1260520 g
o 2

=_2[e Sﬁfe} 2(27)=—47.
0

The paraboloid forms the second surface: S,: z=4 — x> — y%. If G =z — (4 — x? — ?), the outward unit normal is

_ VG(x,p,2)  2xi+2yj+k
’ _"VG(x,y,z)" _\/4x2+4y2+1 .

So, we have

Nds = YO er-2) J(g.) +(g, ) +1a4
N e A

S 2R T dd = (2xi 4 20+ k) dA.
T A

So, [[FeN, dS = [[(2zi+xj+ y*K)+(2xi+2yj+K)dd = [[(4xz+2xp+ y?)dd.
S, R R
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Lesson 35: Divergence Theorem—Boundaries and Solids

' j;y_z(4xz +2xy+y° )dx dy =4r. You are asked to verify this computation in
- =y
Problem 3. The total flux is

This integral becomes Jz

FeNdS =||FN,dS+ ||FsN,dS=-4r+4x=0.
I Il Il
S S,

N

The divergence theorem makes this problem much easier. z

First of all, the divergence of F is
. 0 0 0
divF =§[2z]+§[x]+g[yz] =0.

So, the triple integral is zero, and we have verified that

JJF-NdSz jgjjdideV = IQHO‘W ~0.

Figure 35.2
Example 2

Find the flux integral H F<NdS given the vector field F(x, y, z) = xi + yj + zk and the sphere x> + )2 +z> = 4,
(See Figure 35.2.) °

Solution

Because divF =1 + 1 + 1 = 3, the divergence theorem says that
JS‘J.F-N ds = IéUdiVF dv =3 IQJ.J‘dV =3(volume of sphere) = 3(%71(2)3 ) =327.

Study Tips
e The divergence theorem is often written using the del notation: ﬂ F.NdS = ”IdivF av = jﬂ VFdV.
N o o
e The divergence theorem is the three-dimensional analog of Green’s theorem.
e You can think of Example 2 as computing fluid flow out of a sphere, or electric current.
e Loosely speaking, divergence measures the outward flux per unit volume.

e Gauss’s law is one of Maxwell’s equations and is valid for more general closed surfaces.
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Pitfall

e  Make sure to use the outward unit normal vector. For instance, in Example 1, the outward unit normal
to the xy-plane was —k, not k.

1. Verify the divergence theorem for F (x, y, z) = 2xi — 2yj + z’k and the cube bounded by x = 0, x = 2,
y=0,y=2,z=0,z=2. That is, calculate the flux integral HF-N dS and the corresponding triple integral

jj [divFdy.

2. Verify the divergence theorem for F(x, y, z) = xzi + zyj + 2z%k and the surface bounded by z =1 — x* — )?
and z = 0. That is, calculate the flux integral ﬂF-N dS and the corresponding triple integral ”IdivF av.
N 0

3. Use a graphing utility to verify the integration jzz I j;_z(4xz +2xp+y° )dx dy =4, where z =4 —x? — y.
—2 ATy

4. Use the divergence theorem to evaluate the flux integral HFoN dS, where F(x, y, z) = x%i + )%j + z’k and

N
S is the cube bounded by the planesx=0,x=1,y=0,y=1,z=0,z=1.

5. Use the divergence theorem to evaluate the flux integral ” FeNdS, where F(x,y,z)=xi+1% —zk and S

is the surface bounded by x> + y2=25,z=0,andz=7.

6. For the constant vector field F(x, y, z) = ai + bj + ¢k, verify that HF-N dS =0, where V'is the volume of
the closed surface S.
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Lesson 36: Stokes’s Theorem and Maxwell’s Equations

Stokes’s Theorem and Maxwell’s Equations
Lesson 36

I
Topics

e  Summary of fundamental theorems in calculus.

e  Stokes’s theorem.

e  Maxwell’s equations.
Definitions and Theorems

e  The fundamental theorem of calculus: jh

a

F'(x)dx=F(b)-F(a).
e The fundamental theorem of line integrals: If F is conservative with potential £, then

J;F-dr = LVf-dr :f(x(b),y(b), Z(b))—f(x(a), y(a), z(a)).

e Green’s theorem: LF~dr = jchx+ Ndy= jj[@_N_aﬂj dA.
R

ox Oy

e The divergence theorem: HF-NdS = JHdideV = IIIV-FdV.
N o} 0

e Let Sbe an oriented surface with unit normal N, and let C be a closed curve bounding the surface.
Let F(x, y, z) be a vector field whose component functions have continuous first partial derivatives.
Then, Stokes’s theorem states that

[ Fedr = [[(curl F)-Nds.
N
e  Maxwell’s first equation: Let E be an electric field, and let S be a surface enclosing a charge Q.

The flux of the electric field across S is HE-N ds = g, where ¢ is the permittivity of free space.
N

&o

The differential form is V<E = ﬂ, where p is the charge density.
&o

e  Maxwell’s second equation: If B is a magnetic field, V<B = 0.

a—13:

e  Maxwell’s third equation: If E is an electric field and B is a magnetic field, VxE + 2 0.

e  Maxwell’s fourth equation: If E is an electric field, B is a magnetic field, and J is the current density,
vxB=2E y
ot
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Summary

Stokes’s theorem relates a line integral around a closed curve C to a surface integral for which C is the
boundary. However, before we present the theorem, we take a moment to review the various calculus theorems
relating integration and differentiation. We illustrate Stokes’s theorem with an example similar to one from the
previous lesson. We end the lesson with a brief look at Maxwell’s famous partial differential equations, which

describe the interaction of electric and magnetic fields.
Example 1

Let S be the portion of the paraboloid z =4 — x? — )?
above the xy-plane. Let C be its boundary, oriented
counterclockwise. Verify Stokes’s theorem for the
function F (x, y, z) = 2zi + xj + y’k. (See Figure 36.1.)

Solution

Note that this is the same paraboloid from Example 1 in

the previous lesson. However, now it is not closed but,

Y

rather, bounded by the curve x*> +)? = 4. We want to
verify that ICF-dr = ‘U(curl F)eNds.
N

R:x*+y* <4
Figure 36.1

Let’s first calculate the double integral.

Ifwelet G(x,y,z) =z —g(x,y) =z — (4 —x*—)?), then VG(x, y, z)dAd=(2xi+2yj+k)dA. So,

VG(x,y,z) 7 7
d. =—,/ dA = dA.
NS ||VG(x,y,Z)|| (gX) +(gY) e VG(x,y, Z) :

Next, we calculate the curl of F (x, y, z) = 2zi + xj + k.

i j oK
curl F = % % % —2yi+2j+k.
2z x  y?

Finally,

”(C“ﬂ F)-NdsS = ﬂ(Zyi+2j+k)-(2xi+ 2yj+k)dA

N

= J'j(4xy+4y+1)dA=4;r.
R
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Lesson 36: Stokes’s Theorem and Maxwell’s Equations

We next calculate the line integral.
The boundary C can be parameterized as r (1) = 2cosfi+2sin#j+0k,0 <7 <27z. So, r'(r) = —2sinzi+2cosj.
We have x=2cost, dx=-2sintdt, y =2sint,dy =2costdt, and z = 0. Because F(x, y, z) = 2zi + xj + )7k,
J Fedr = j Mdx+Ndy+Pdz
c C
= J-CZde+xaly+y2 dz
= f”[0+2c0st(2cost)+0]dt

2 T
= J; 4cos’tdt =4r.

Therefore, we have verified Stokes’s theorem, J‘CF-dr = ﬂ (curl F)eNdS = 4r.
s
Example 2
Let F(x, y, z) = yze'i + ze'j + ye'k, and consider a surface with boundary C. Show that JCF-dr =0.
Solution

9|, Therefore, ”(curl F)eNds = LF-dr =0.

i
We see that the curl of F is zero: curl F=| — o
ox Oy Oz 5
Example 3
Show that the integral and differential forms of Gauss’s law are equivalent.

Solution

Using the divergence theorem,

[[E-Nds = [[[divEay = wg—podlf - gio jnjjp av :SLOQ.

N D
Study Tips
e In Example 1, the value NdS = VG(x,y,z) dd = (in +2yj+ k)dA is the same as in Lesson 35.

e In Example 1, we used a half-angle formula to calculate the final integral:

. 2z
LZ 4cos2tdt=4L2 %dtzz[wﬁzzt} —4r.

0
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e  Stokes’s theorem relates the circulation around the boundary of a surface to the surface integral of the

curl of the vector field.

e Recall that if the curl of a vector field is zero, then the vector field is conservative.
Furthermore, line integrals on closed curves equal zero. Stokes’s theorem reflects this property:
[[Fedr = [[(curl F)-Nds =0.

N

e Notice that the surface integral in Stokes’s theorem only depends on the values of the vector field on
the boundary C. Thus, if two surfaces have the same boundary, the corresponding surface integrals

will be the same.
o All of Maxwell’s equations have corresponding integral forms.
e  Maxwell’s third equation is often called Faraday’s law.
Pitfall

e  Make sure that the surface and boundary are oriented correctly. For instance, in Example 1, the

normal is upward (outward), and the boundary is oriented counterclockwise.

1. Verify Stokes’s theorem for F(x, y, z) = (—y + z)i + (x — z)j + (x — y)k, where S is the surface
z=9—x?—)% z>0. That is, calculate ﬂ (curl F)eNdS and the corresponding line integral.
S

2. Use Stokes’s theorem to evaluate the line integral ICF-dr, where F(x, y,z) —arctan Xi+In. /x> + yj+k
and C is the triangle with vertices (0, 0, 0), (1, 1, 1), and (0, 0, 2). 7

3. Use Stokes’s theorem to evaluate the line integral LF-dr, where F (x, y, z) = xyzi + yj + zk and S is the
surface z=x%, 0 <x <3, 0 <y <3. Assume that N is the downward unit normal to the surface.

4. Assume that the motion of a liquid in a cylindrical container of radius 1 is described by the velocity field
F(x,y,z)=i+j—2k. Find ” (curl F)eNdS, where S is the upper surface of the cylindrical container.
N

5. Assume that the motion of a liquid in a cylindrical container of radius 2 is described by the velocity
field F(x, y,z)=—yy/x* +y’i+x/x’ +y?]. Find ”(curl F):NdS, where S is the upper surface of the
N

cylindrical container.
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Solutions

Solutions
[

Lesson 1

1. By the chain rule, f'(x)= 2_1x(2)+ e (3)= %+3e3".

7 o )
2. fzcosxdx:[smx]oé:sm%—sm0:l.

3. v=(-4-1,0-2)=(-5-2)=-5i-2j.

4. x=3cost and y=3sinz implies cost :g and sin¢ =%.
2 2
By the fundamental trigonometric identity, we have cos”z+sin’ ¢ = % + % =1=x*+y* =9. This s the

equation of a circle of radius 3 centered at the origin.

5. f'(x)=6x"+6x-12= 6(x2 +x— 2) =6(x+2)(x—1). Setting this derivative equal to zero yields the
critical numbers x = 1 and x = —2. Analyzing the derivative in the open intervals determined by the critical
numbers, we see that the graph is increasing on (—o, —2) and (1, o) and decreasing on (=2, 1). Hence,

there is a relative maximum at (—2, 20) and a relative minimum at (1, =7).

6. The distance is \[(6-1)° +(-2~(-2))" +(-2-4)" =25+0+36 = V6l.

7. Themidpointis(4+8 0+8 ‘6+20):(6,4,7).

2727 2
2 2 2 5 5 2 2
8. (x—O) +(y—2) +(z—5) =2"=x +(y—2) +(z—5) =4,

9. f(L3)=In3+e"’ =In3+e¢".

10. g(7,0)=3cos(z+0)—sin(z—0)=3(-1)+0=-3.
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Lesson 2

1. f(0,5,4)=J0+5+4=/9=3.

2. The domain is {(x, y): x#0and y# 0}. That is, the domain consists of all points in the plane that do not
lie on either axis.

3. Wemusthave 4—x—y>0= x+y <4. So, the domain is the set {(x, y): y< —x+4}.

4. The graph is a plane 4 units above, and parallel to, the xy-plane.

5. The graph is a hemisphere of radius 1 above the xy-plane.

6. Setting 6 — 2x — 3y = ¢, we see that 2x + 3y = 6 — ¢. Hence, the level curves are lines of slope —%.
7. The level curves are hyperbolas of the form xy = c.

8. The level surface is the sphere of radius 3, x> + y*+z2=09.

9. We complete the square as follows:
z=2x+4y—x> -y’ :—(x2 —2x+1)—(y2 —4y+4)+5:5—(x—1)2 —(y—2)2.

Hence, the largest value of z is 5, whenx =1 and y = 2.

10. The volume consists of the cylinder and two hemispheres. Hence, we have

2
V= 7zr2x+%7z'r3 = %(3x+ 4r).
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Solutions

1.

10.

146

-1 1(1)-1

The function is continuous except at the point (0, 0). This point is not in the domain of the function.

The continuous for all (x, y) satisfying x*> + 3* # 4. These points are not in the domain of the function.

Approaching the origin along the path y = 0, the function equals 0.

2
Approaching the origin along the path y = x, the function equals zx > = %
x> +x

For any open disk about the origin, there are values of the function equal to 0 and other values equal to %

Hence, the limit does not exist.

. . . -xp° -y*y° 1
Approaching the origin along the path x = ), the function equals ——— = ———=——.
xXT+yt Y4y 2

2 2.2 1
Approaching the origin along the path x = —)?, the function equals — 24 = )4/ Y =5
x4yt yrteyt 2

For any open disk about the origin, there are values of the function equal to —% and other values equal to

l. Hence, the limit does not exist.

9 _, o
I S —
ox oy >

YL x
o VYV T2 ENER

o =—sinxy(y)=—ysinxy, A =—sinxy(x) = —xsinxy.
ox oy



Lesson 4

1.

Jf. =5cos5xcos5Sy, f, ==5sin5xsin5y.

X

. 2 y ,
fx:ye%(—yx’z)z J; eé,fy:e%+%ye4:e%(l+%j.

g, =-2x,g, =-2y. Atthe given point, the slope in the x-direction is —2(1) = -2, and the slope in the
y-direction is —2(1) = 2.

1 =3x2yz2,fx(l, 1,1)=3,fy =x3zz,fy(l,1, l)=l,fZ =2x3yz,f2(1,1, l)=2.

The first partial derivatives are f, =2x-2y, f, =-2x+6y. Differentiating again,
fxx = 2» ﬁ} = 63 fxy = _29 .fyx =-2.

The first partial derivatives are f, =e" tan y, f, =" sec’ y. Differentiating again,

— X _ x 2 X 2 X 2
Jo=e'tanx, f, =2e"sec” ytany, f, =e"sec” y, f,, =e"sec” y.

We have f, =2x—y—-5=0= y=2x-5. Next, substitute into the partial with respect to y:
fy=—x+2y+1=—x+2(2x-5)+1=3x-9=0. Hence, x=3and y = 1.

f= —lz+ ¥ 1= —Lz+ x. Setting these partial derivatives equal to zero gives y = Lz and x = Lz
X y x

y

Hence, y=)* = y=1andx = 1. Notice that x # 0 and y # 0.

We first calculate the second partial derivatives.

— 2 -2
Zy = 2y2’Zxx: i 702y = zx 0%y = xyz'
x4y (x2+y2> X4y (x2+y2)
2 2 —
Hence, Q+£ = 2xy + 2xy =0.

2

@ (vay) (¢ )

147



Solutions

10. We first calculate the second partial derivatives.

z, = —ccos(x—ct), z, =—c* sin(x—ct), z, = cos(x—ct), Z, = —sin(x—ct).
Hence, 02— _¢2 sin(x—ct)=¢’ 0z
o ox’
Lesson 5

1. dz=4xy’de+6x*y* dy.

2. dz=e"sinydx+e’cosydy.

1 3x+z X+y
3. aw= dx + dy— dz.
z-3y (z—3y)2 4 (z—3y)2

4. Let z=xy,x=2,y=9,dx=0.01,dy=0.02.
Then, dz = 2xydx+x*dy and (2.01)’ (9.02)—2 (9) = 2(2)(9)(0.01)+2? (0.02) = 0.44.

5. Letz= sin(x2 +y2), x=y=1,dx=0.05,dy=-0.05. Then, dz= 2xcos(x2 —i—yz)dx+2ycos(x2 +y2)dy,
and we have sin| (1.05)"+(0.95)" | =sin (1 +1) = 2(1)cos (1* +1°) (0.05) + 2(1) cos 12 +1* ) (~0.05) =0.

6. The volume is V = zr*h, which implies that dV = (Zﬂrh)dr + (mfz)dh. Hence,

2
d_V:27rrhdr+7rr dh:2ﬂ+@:2

R e (0.04)+0.02 =0.10.
nr

So, the percentage error is +10%.
7. h(x)= cos(e“z )i(e”62 ) =cos (e“z )e“2 (6x) = 6x*" cos(e”2 )
g, dw_owdx wdy y(e’ ) + x(—2e’2’) =ee +eé (—26’2’) =—c.

dt  ox dt Oy dt
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d owdx owd . . .
9. Tv;:a—;VE+6—;}7J;:—sm(x—y)(21)+sm(x—y)(0):—2ts1n(t2—1).

dw_owdx owdy _ w = - aw _ _
10. o o dt+8y e (2t)+xe (1) Att=1,x=1andy= 1. Hence, 0l =e(2)+e=3e

1. fi=——X - 0=x=0, f, =——2——=0= y=0. The critical point is (0, 0).

NSRS | Jxi+ i+l

2. f,=-2x+10=0=x=5, f, =2y +12=0= y =6. The critical point is (5, 6).

4x = 4y are not defined at x = y = 0. The critical

3(x2 + y2 )%

3. The partial derivatives £, = —> f,
o 3( 2, 2)A
point is (0, 0). Xty

4. 207+ 7 +8x—6y+20=2(x> +4x+4)+(y? =6y +9)+20-8-9 = f(x,y)=2(x+2)" +(y-3) +3
has a relative minimum at (-2, 3, 3).
5. f.=y,f,=x=/(0,0) is the only critical point. f,, = f,, =0, f,, =1.

By the second partials test, d = £, . f,, —(fx},)2 =0-1<0, and hence, (0, 0, 0) is a saddle point.

6. f.=6x-6,f =4y-4= (1, l) is the only critical point. f,, =6, f,, =4, f,, =0.

Hence, d = f,. f,, —(fxy )2 =6(4)—0> 0, and by the second partials test, (1, 1, 11) is a relative minimum.
7. f.=-10x+4y+16=0, f, =4x—2y =0. Solving these equations, we see that (8, 16) is the only

critical point. f, =-10, f,, =-2, f,, =4.

Hence, d = f.f,, —(fxy )2 =(-10)(-2)—4* > 0, and by the second partials test, (8, 16, 71) is a

relative maximum.

149



Solutions

8. f.,=2y-2x’=0,f, =2x-2y’ =0. Solving these equations, we see that there are three critical points:
(Oa 0)7 (17 1)7 and (_1’ -1 ) f\'x = —6X2 > fyy = _6y2 > f;cy =2.

At(0,0), d=fof, =(fs )2 <0=(0,0,1) is a saddle point.
At(L 1), d=f.f, —(fxy )2 >0 and £, <0, so(1,1,2)isarelative maximum.

Finally, at (-1, 1), d = f..f,

. —(fx.)2 >0 and f, <0, so (-1, ~1,2) is a relative maximum.

2

3y%’

which implies that (0, 0) is the only critical point.

2
9. = J, =
) 3x% /

Clearly, f(x,y)=0, so(0,0,0) is a relative minimum.

10. Let x and y be the dimensions of the base and z the height.

2—xy
2x+2y’

The amount of material is 2=xy+2xz+2yz =>z=

The volume of the box is therefore V' = xyz = xy( 22 —+x2y ]
X+z2y

Setting the partial derivatives equal to zero, you obtain x = y and the nontrivial critical point

(% 7)= (@ @]

J6

By the second partials test, this is a maximum. The corresponding z value is 6 and the maximum

volume is %

C-3xy Cxy—-3x’y’

11. We have V:xy4(x+y)_ 4Gy

So, by the quotient rule,

4(x+y)(Cy—6xy2)—(ny—3x2y2)(4) Cxy —6x°y* +Cy* —6xy° — Cxy +3x7)°
2 = 2 :
[4(x+y)] 4(x+)

x

y? (C—3x2 —6xy)

4(x+ y)2

This simplifies to V, =

12. The numerators both equal zero: C —3x* —6xy =C —3y* —6xy, which implies that x = y. Using the value
C=1296, 1296 —3x> —6x* =0=>9x* =1296 = x =12. Hence, the solution is x =y = 12.
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Lesson 7

1.

[, =2x-4y=0, f, =—4x=0= (0, 0) is the only critical point, and it lies outside the rectangular region.
We now analyze the function along its boundaries.

Along y=0,1<x<4:f=x+5, f(1,0)=6, f(4,0)=21.

Along y=2,1<x<4, f=x"-8x+5, f'=2x-8=0, f(1,2)=-2, f(4,2)=-1L
Along x=1,0<y<2, f=-4y+6, £(1,0)=6, f(1,2)=-2.

Along x=4,0<y<2, f=21-16y, f(4,0)=21, f(4,2)=-11.

Summarizing, the maximum is (4, 0, 21), and the minimum is (4, 2, —11).

The function has no critical points. We analyze the function along its boundary.

Along the line y =x+1,0<x<1, f =12-3x—-2(x+1)=—5x+10. The maximum is 10, and the minimum
is 5.

Along y=-2x+4,1<x<2, f =12-3x-2(-2x+4) =x+4. The maximum is 6, and the minimum is 5.
Along y = —%x +1,0<x<2, f=-2x+10. The maximum is 10, and the minimum is 6.

Finally, the absolute maximum is (0, 1, 10), and the absolute minimum is (1, 2, 5).

A point on the plane is given by (x, y,z)=(x, y,3-x+y).
The square of the distance from (0, 0, 0) to this point is § = x>+ »* +(3 —x+y)2 .
The partial derivatives are S, =2x-2(3-x+y),S, =2y+2(3-x+y).

From the equations S, =S, =0, we obtain the critical point (1, —1).

The corresponding z-value is 1, and the minimum distance is /1% + (—1)2 +1% =4/3.
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Solutions

Let x, y, and z be the three numbers. Because xyz =27,z = 2.
X

The sumis S = x+y+£, and the partial derivatives are S, —1—ﬂ S, =1- 272 .
xy

X’y Xy

Setting the partial derivatives equal to zero yields x =3, y = 3.

Finally, we have z = 3, and the three numbers are equal, x =y =z=3.

Let x, y, and z be the length, width, and height, respectively, and let V" be the fixed volume.

|4 V.V
Hence, V = xyz = z =—. The surface area is given by S =2xy+2yz+2xz=2| xp+—+—

xy x oy

Setting the partial derivatives equal to zero, S, = 2( y —sz =0,§, = Z(x —LZJ =0, you obtain
x=y=z=3V. * 4
We have
108y —4xy—2y* = y(108—4x—2y) =0=>108-4x-2y=0
and
108x —2x* —4xy :x(108—2x—4y):0:>108—2x—4y:O.
Setting these two equations equal to each other, you have 4x + 2y = 2x + 4y, which implies that x = y.

Finally, 108 —4x—-2y=108-4x—-2x=0=x=y =18.

2(y- x) 2(y-x) 3x
Because C, . So, C, =——==—-1=0.
,l y- x ,l y— x +1 x'+4
Solving this equation for x, 3x =+ x* +4 = 9x* = x> +4 = x* = % = x= TZ

V3,2
=,

Knowing this value, you obtain y =



Lesson 8

I on=3 >x=9>»=9Yxy=39>x" =35

o ny xy, =%y 3(39)-9(09)

36
Y i-(Tx)  305)-(0

b :%(Zyi —aZx,-):%(9—%(9)j =—%=—%.

The least squares regression line is y = %x —é.

2

2. n=5 Y x=13>y=12,> xy =46, x’ =51
- ny %y =2y 5(46)-13(12) 74 37

nY e -(Xx)  S(s)-(13) 86 43

b=1(T —aZx,-):%(n—%(l?;)j -z

The least squares regression line is y = ﬂx +l

437 437

3. Youobtain y=—-172 x4 %5 1 1824x+63851.

148 148

4. Youobtain y=22x+325 £ 0.5472x+1.3365.

53 318

5. Youobtain y =14x+19. When x =1.6,y =14(1.6)+19 = 41.4 bushels per acre.

6. Youobtain y =-300x+832. When x=1.59, y =-300(1.59) + 832 =355.
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Solutions

Lesson 9

1.

10.

154

The component form i 1s 4 3,1-2,6— 0) :<1, -1, 6>. The magnitude is

S NIRRT

The length is +/1* +3> +4% =4/26.

The vector joining the first two points is (1, 3, —4> , and the vector joining the first and third points is

(—1, -1, 1>. Because these vectors are not parallel, the points are not collinear.
uev =(2,-1,1)(1,0,—1) =2(1) + (~=1)(0) +1(=1) = 1.

The length of the vector is /4 +1+4 =3.

The unit vector in the same direction is lv = l(2, 1, - 2) = 2, l, _2 .
3 3 3’3" 3

wey  3(2)+2(-3)+1(0)
Jflvl Jullv]

The vectors are orthogonal.

cosf = =0, which implies that the angle is % =90°.

wv _3(0)+42)+003) 8
Mol ] S

Using a calculator, we have @ =arccos 8 | 1.111~63.7°.

5J13

cosd =

i

The point is P(0, 0, 0), and the direction vector is v = <3, 1, 5>. The parametric equations are
x=0+34,y=0+¢,z=0+5t=>x=3¢t,y=t,z=5¢.

x=-3+0t,y=0+4+6¢,z=2+3t=>x=-3,y=6¢,z=2+3t.

The direction vector is v = <—3 -7,0-(-2),6- 6> = (—10, 2, 0). Using the first point, we obtain
x=T7—10t,y=-2+2¢tz=06.



Lesson 10
i j k

1. kxi=[0 0 1/=0i—(-j)+0k=j and ixk=
1 0 0

The vectors i and k are orthogonal, and k xi=—(ixk).

i
! 3 217 2. |7 3 o
2. uxv=[7 3 2|= i—- j+ k =17i-33j-10k.
-1 5 1 5 -1
-1 5
i j k
1 -2 3 2. I3 o
3. uxv=(3 1 =2|= i— j+ k=-3i-5j-7k
-2 1 1 1 1 -
1 -2 1
i j k
O (I VO Tt )
4. uxv=|1 1 1f= i—- j+ k=-j+k.
11 01 0
01 1

The dot product of this vector with the original vectors is zero, showing orthogonality.

(i+j+k)(—j+k)=—1+1=0,(j+k)«(-j+k)=—1+1=0.

5. The cross product of the given vectors will be orthogonal to the two vectors.

i jk
. L I O T O I PR
ix(2j+k)=[1 0 0= i— j+ k =—j+2k.
2 1/ |0 11" |o 2
0 2 1
i j k
0 =2[, 1 -2/, 1 o
6. vxv=|l 0 -2[= i— j+ k=0
0 =2 1 =2[" |1 0
1 0 -2

The cross product of a vector with itself is always the zero vector.
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Solutions

7.

10.

11.

156

One way to solve this problem is to find the cross product and then divide by its length to generate a unit
vector. Another way is to observe that these vectors lie in the xy-plane, so an orthogonal unit vector is k
(or k).

The area is the magnitude of the cross product.
i j k

(3,2,-1)x(1,2,3)=3 2 -1|=

1 2 3

3 -,
+
13/

3

2 -1 2
i 2k:8i—10j+4k.

i—
2 3

Area = [8i—10j+4k|=v64+100+16 =/180 =6/5.

The volume is the absolute value of the triple scalar product.

1 3 1
us(vxw)=|0 6 6|=

‘66 0 6 0 6
-4 0 -4

1)- 3)+ 1)=-24-24(3)+24=-72.
0 —4‘( ) ‘—4 —4‘( ) ‘—4 O‘() )

Hence, the volume is 72.

The following three vectors form adjacent sides of the parallelepiped:

(3-0,0-0,0-0)=(3,0,0),(0-0,5-0,1-0)=(0,5,1),(2-0,0-0,5-0) =(2,0,5).

We next form the triple scalar product of these three vectors:

N O W
S w» O
n — O

_‘51 0 1 0 5

0 5‘(3)—‘2 5‘(0)+‘2 0‘(0):75.

Hence, the volume is 75.

Form the vectors AC = <3,—8,—2> and AB = (l,—l,—3>. Their cross product (22, 7, 5> is orthogonal

to the triangle.



Lesson 11

1.

The normal vector is n = j=0i+ j+Ok.

So, an equation of the plane is 0(x—1)+1(y—3)+0(z—(-7))=0= y-3=0.

The normal vector is n =2i—j—2k.

So, an equation of the plane is 2(x+1)—1(y—4)—2(z—0):032x—y—22+6:0.

Let u= (2, 0, 3> be the vector from the point (0, 0, 0) to (2, 0, 3), and let v = <—3,—1, 5) be the vector
from the point (0, 0, 0) to (-3, -1, 5).

The normal vector to the plane is their cross product, n=u x v= <3,—19,—2>.

So, the equation of the plane is 3(x—0)-19(y-0)-2(z-0)=0=3x-19y -2z =0.

The angle between the two planes is the angle between their normal vectors, n, = <3, 2,—1)
and n, =(1,-4,2).
mems| _3-8-2] 7 _ %

||n1| |n2|| T /14421 76 _T29~1.1503z65,9lo_

cosf =

The dot product of the normal vectors n, = <5,—3, 1) and n, = (1, 4, 7> is zero, so the planes

are orthogonal.

The normal vectorsn, = <3, 1,—4) and n, = <—9,—3, 12> are parallel (multiples of each other), so the

planes are parallel.

The direction vector of the line is v = 3i + 2j — k. The parametric equations of the line are
x=2+3t,y=3+2t,z=4-t.

The direction vector of the line is v = k. The parametric equations of the line are x=2,y=3,z=4+¢.
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Solutions

9. The normal to the plane is n = (5, 1,—1>. The given point is Q(0, 0, 0), a point in the plane is P(0, 9, 0),
and the vector @ is (0,—9, 0>.

Therefore, the distance is D ‘FQ.D 9 _ o J3
ereiore, € aistance 1S = = = = .
| V27 3J3

10. The normal to the plane is n = <3,—4, 5>. The given point is Q(1, 3, —1), a point in the plane is P(2, 0, 0),
and the vector @ is <—1, 3,—1).

PO-n| |20
Therefore, the distance is D = ‘ ||n|| = |\/5_0| = 53/07 =2J2.

Lesson 12

1. The surface is a plane parallel to the xz-plane.

2. The x-coordinate is missing, so you have a right circular cylinder with rulings parallel to the x-axis.

The radius of the cylinder is 3.

3. The surface is an ellipsoid centered at the origin.

2
4. Rewriting the equation, 4x> —yT +4z* =1, we see that this is a hyperboloid of one sheet centered

at the origin.

5. The surface is a hyperboloid of two sheets centered at the origin.

6. We have y = x? + 22, so the surface is an elliptic paraboloid.

7. By completing the square, we see that the surface is an ellipsoid with center at (1, 2, 0).

16(x? =2x+1)+9(y* —4y+4)+162* = -36+16+36
16(x—1)" +9(y—2)" +162> =16

(1) (-2)
1 16/9

+z2=1.
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8. By completing the square, we see that the surface is an elliptic cone with center at (3, 2, —3).

9(x” —6x+9)+(y? —4y+4)-9(z* +62+9)=-4+81+4-81
9(x—3)" +(y—2) -9(z+3)" =0.

9. One equation is x* + z* = 4y.
2
10. One equation is x* +y* = (%) , ordx?+ 4y =22,

Lesson 13

1. r’(t):;—zli+16j+tk.

2. r'(1)= <312, —3sin3z, 3cos3t>.

ZS

’ 1 n ’ ”n 1
3. r (t):<t,—1,§t2>,r (1)=(1,0,6)=r"(t)er (t):t(1)+(—1)0+5t2(t):t+ 5
4. [(2di+j+k)dt =i+ tj+k+C,

5. L%[(secztant)i +(tant) +(25intcost)k]dt = [secti ~In|cos?|j+sin’ tk];%

:(ﬁ—l)i—(lng—OJh(%—O)k :(ﬁ—l)i+1n\/7j+%k.

6. r(r)=4h+4s+20k,v(t)=r'(r)=4i+4j+2k,a(r)=v'(¢)= 0, and the speed is
[v(0)|=v47+47+27 =36 =6.

7. We calculate the derivative and then divide by its length, as follows:

r'(1) :<—25int, 2cost, 0>:> T(r)= r'(1) = <—2s1nt, 2cost, O> :<—sint, cost, 0).

[ ?
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Solutions

8. Atthe point (0, 0,0), 7= 0. Hence, r'(f) =i+26+k,r'(0) =i+k,[r'(0)| =v/2.

r'(0) ik N2, N2

The unit tangent is T(0)= "r’(O)" =7 =i+

9. x'(l) =-1, y’(t) =4, z'(t) =3. Hence, the arc length is given by

5= f\/[x’(t)]z +[y(0)] +[2()] dr= Ll\/mdr ~[V26:] =76

10. x'(1)=2cost, y'(1)=5,z'(t) =—2sinz. Hence, the arc length is given by

s= [IZ O]+ (OT +[2/()] de= [Vcos™ 1+ 25+ asin” dr
- L’Z/4+25dz=[@t]z =J297.

Lesson 14

1. The vertices of the ellipse occur when 6 = % and 6 = 37” So, the length of the major axis is

2a=35.88=_0967d | 0967d _ g 9,

1+0.967 1-0.967

So, d= 1.204 and ed = (0.967)(1.204) = 1.164. The equation for the orbit is now

o Ll64
1+0.967sin8"

To find the closest point to the Sun (the focus), use ¢ = ea = (0.967)(17.94) = 17.35. The closest point is
therefore a — ¢ = 17.94 — 17.35 = 0.59 AU, or 55,000,000 miles.

2. The area swept out from 6 = —% to 0= % is given by the integral

1 ¢, 1 A( 9 )Z
A=— do == ———— | d8~0.90429.
24 2Ji% 9+5cosf

We next apply Kepler’s second law. The time 7 required to move from position 6 = —% to position 6 = %
is given by

¢ _ area of elliptical segment _ (0.90429

661 area of ellipse 546507

=t~ 109 days.
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Lesson 15
1. Vf(x,y)=(3-4y)i+(9-4x)j=V/(1,2)=-5i+5].

The vector v is a unit vector, so D, f(1,2)=Vf(1,2)ev = (—5i+5j)o(%i+%j) =-3+4=1.

2. Vf(x, y)=e'sinyi+e’ cosyj:Vf(l,%):ei.

The vector v is a unit vector, so Duf(l, %) =Vf (1, %j-v = ei-(—i) =—e.

3. Vf(x,y,2)=2xi+2yj+2zk = Vf(1,1,1)=2i+2j+2k.

v 33, £j+£k.

The vector v is a not a unit vector, so u = =
v 3 373

Finally, the directional derivative is

V&l
3

.
1—

D, f(L1,1) =V (1,1,1)eu=(2i+2j+ 2k)-(

4. Vf(x,y)=3i+10yj=Vf(2,1)=3i+10j.

2x . 1
5. Vf(x,y)= -
f(x y) x? —yl Xt -y

i=Vf(2.3)=4i-j.
6. Vf(x,»,z)=6xi-10yj+4zk=Vf(1,1,-2)=6i—-10j—8k.

7. The maximum value is the magnitude of the gradient. So, we have

Vf (%, ¥)=(2x+2y)i+2xj= V/(1,0)=2i+2j and [V£(1,0)| =v4+4 =22,

8. The maximum value is the magnitude of the gradient. So, we have
Vf(x,y,z)=y" 2+ 2xp2° j+ 2xp° 2k = V[ (2,1, 1) =i+ 4j+ 4k
and, thus,
[v7 (2,1,1)| = VT+T6+T6 = /33.
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Solutions

9. The gradientis Vf (x, y)=—-2i-3j. The level curve is 2x + 3y = 0. At (0, 0), the gradient
Vf(O, 0) =-2i—3j is normal to this line.

10. The gradient points in the direction of maximum increase in heat.

2 2
- 2
Therefore, VI =—2—* _j— i - j:VT(3,4):Li—£j is the direction.

P )2 (xz 4y 625 625

Lesson 16
1. Let F(x,y,z)=3x+4y+12z and, hence, VF =3i+4j+12k.

We have ||VF||:\/9+16+144 =169 =13.

. . . VF 3. 4. 12
So, a unit normal vector to this planeis n=——=-"—i+—j+-—=
P N BEERNERE

2. Let F(x,y,z)=x"+y>+2z> —6 and, hence, VF =2uxi+2yj+2zk.

We have VF(1,1,2) = 2i+2j+4k and [VF(1,1,2)|=V4+4+16 =24 =26.

VF 1. 1. 2
_||VF||_\/61+\/€J+\/€k'

So, a unit normal vector to this surface is n =

3. Let F(x,y,z):—xsiny+z—4 and, hence, VF = —sin yi —xcos yj+k.

A normal vector to the surface at the point (6, %, 7) is VF(6, %, 7) = —%i - 3\/§j +k.

4. Let F(x,y,z)=x"—z and, hence, VF =3x’i—k.

Hence, a normal vector to the surface at the point (2, —1, 8) is VF(2, -1, 8) =12i—k.

5. Let F(x,y,z)=x"+y"+3-z Wehave F, =2x,F, =2y, F, =-1.

Atthe point (2, 1,8), F,(2,1,8)=2, F,(2,1,8)=2, and F,(2,1,8)=-1.

So, the tangent plane is 4(x - 2) + 2(y - l) —l(z —8) =0, which simplifies to 4x + 2y —z=2.
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6. Let F(x,y,z)=2—z Wehave F, =—2 F =L F =1,
X X X

Atthe point (1,2,2), F, (1,2,2)=-2, F,(1,2,2)=1, and F, (1,2,2)=—1.

So, the tangent plane is —2(x—1)+(y—2)—1(z—2)=0, which simplifies to 2x —y +z=2.

z

7. Let F(x,y,z)=x> -y’ +2z°. Wehave F, =2x,F, =2y, F, =4z.
Atthe point (1, 3,-2), F,(1,3,-2)=2, F,(1,3,-2)=-6, and F,(1,3,-2)=-8.

So, the tangent plane is 2(x - 1) - 6(y - 3) - 8(2 + 2) =0, which simplifies tox —3y —4z=0.

8. Let F(x,y,z)=x"+4y" +z° —36. We have F, =2x, F, =8y, F, =2z.
Atthe point (2,2, 4), F, (2,-2,4)=4, F,(2,-2,4)=—16, and F, (2,-2,4)=%.

So, the tangent plane is 4(x—2)—16(y+2)+8(z—4)=0, which simplifies to x — 4y + 2z = 18.

9. Let F(x,y,z)=3-x"-y"+6y—z. Wehave VF =-2xi+(-2y+6)j-k.

The tangent plane will be horizontal if 2x =0 and 2y + 6 = 0. Thus, x =0, y = 3, and
z=3-0*-3%+6(3)=12. The point is (0, 3, 12), which is the vertex of the paraboloid.

2

10. Let F(x, y, z):xy+l+l—z. We have VF:(y—Lz)i+[x—ljj—k
Xy x

The tangent plane will be horizontal if y = % and x = n . Thus, x= 1. = x=1y=1z=3.

2 2
The pointis (1, 1, 3). * Y Y

Lesson 17
1. The constraintis g(x, y)=x+2y-5=0. Vf=2aVg= 2xi+2yj=A(i+2j).

We solve the equations 2x=1,2y=24,x+2y—-5=0 and obtain 4 =2, x=1, y=2. The minimum value
is f(1,2):12 +2% =5,
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Solutions

164

The constraint is g(x, y)=2y—x* =0. Vf =AVg= 2xi—2yj=A(-2xi+2j).

We solve the equations 2x=-2Ax, 2y =21,2y—x> =0 and obtain A =-1,x = V2, y=1

The maximum value is f(\/j, 1) =2-1=1.

g(x,y):2x+y:100. Vf:/IVg:>(2+2y)i+(2x+1)j=l(2i+j).

We solve the equations 2+2y=24,2x+1=1,2x+ y =100 and obtain 4 =51, x=25, y=50.
The maximum value is f(25, 50) =2(25)+2(25)(50) + 50 =2600.

g(x,y)=x+y+z=9. Vf = AVg gives rise to the equations 2x=2,2y=1,2z=4,x+y+z=9.

Solving these equations, we obtain A =6, x=3, y =3,z=3. The minimum value is f(3,3,3)=27.

g(x,y):x+y+z:3. Vf = AVg givesrise to the equations yz=A,xz=4,xy=4,x+y+z=3.

Solving these equations, we obtain A =1,x=1,y=1,z=1. The maximum value is f(l, 1, 1) =1.

We minimize the square of the distance. f(x, y)=x"+y* with the constraint g(x, y)=x+y—-1=0.
Vf = AVg gives rise to the equations 2x=1,2y=4,x+y=1.

: : 1 | - : . 1Y’ P2
Solving these equations, A =1,x = V=7 The minimum distance is therefore ) +H = | = -

We minimize the square of the distance. f(x, y)=x"+(y —3)2 with the constraint g(x, y)=y—x> =0.

Vf = AVg gives rise to the equations 2x = /1(—2x), 2(y-3)=4,y=x".

2
IfoO,yZO,thenf(O,O):QIfx;tO,/i:—l,y:%,x:i 2 f(i\/z,ij:§+(_—l) =%.

V11
5

The minimum distance is therefore
Minimize C(x, y,z)="5xy+3(2xz+2yz+xy) subject to the constraint g(x, y, z) = xyz = 480.
VC = AVg gives rise to the equations 8y + 6z =Ayz, 8x+ 6z = Axz, 6x+6y = Axy, xyz =480.
Solving these equations, you obtain x =y =3/360,z= %«3/ 360.

The dimensions are 3/360 x3/360 x%i/ 360 feet.



Lesson 18
1. The gradient is V/ (x, y)=75x /4y/4i+25x%y 7], The constraint is g (x, y)=150x+250y = 500,000.
So, Vg(x, y) =150i+250j. Setting Vf = AVg produces the system of equations

75x Y/ =150
25374y 74 =250
150x + 250 = 50,000.
3

Solving these equations, you obtain x =250, y =50, and A = % ~0.334. The maximum production
level is therefore

£(250,50)=100(250)% (50)* =5000(5)"* ~16,719 units,

2. There are two cases. For points on the circle x* +y*> =10, you can use Lagrange multipliers to find the
maximum and minimum values. If y # 0, then you obtain x =—1, y =+ 3, and 4 = 2. Hence, the maximum
value of fis 24, which occurs at (—1, 3) and (=1, =3). If y = 0, you obtain the minimum value of f,
approximately 6.675, and this value occurs at (m , O). For points inside the circle, you can use partial
derivatives to conclude that the function has a relative minimum of 2 at the point (1, 0). Combining these
results, fhas a maximum of 24 at (-1, +3) and a minimum of 2 at (1, 0).

3. We want to maximize f(a,b,c)= 4Tﬁabc subject to the constraint g(a,b,c)=a+b+c=K.

Setting Vf = AVg produces the equations

47rbc:/1’ 47mc_i 47mb:i,a+b+c:K.

3 3 T3

Solving these equations, you obtain a=b=c = % So, the ellipse is a sphere.

4. We want to minimize A(h,r)=2zrh+27r’ subject to the constraint g(h, r)=zr’h=V,. Setting
VA= AVg produces the equations

2h+4nr = A2nrh, 2nr = Anv?, nr*h=V,.

. . . . . [V [V
Solving these equations, you obtain # = 2r and V, = 2z7°. The dimensions are r =3 2—0 and h=23 2—0
V4 4
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Solutions

5. Minimize the square of the distance f'(x,y,z)=(x— 2)2 +(y— 1)2 +(z- 1)2 subject to the constraint
g(x,y,z)=x+y+z=1. Setting V/ =AVg produces

2(x=2)=2,2(y-1)=2,2(z-1)=24, x+y+z=1

Solving these equations, you obtain x = 1, y =z =0, and A = —2. The point on the plane is (1, 0, 0), and the
desired distance is d =[(1-2)" +(0-1)" +(0-1)" =/3.

Lesson 19

L [(x+2p)dy=[r+y ] = +x"—0=2¢.

et

[ s=[ympd] = yin[22] 0=y 2y, y >0

3. J';J'Oz(x+y)dydx= J.Ol[nyr%yZIdx: J.Ol(2x+2)dx:[x2+2x1 14223

4. J/jycosxdydx J/{ cosx} dx—j/lcosxdx [2s1nx}%:%.

0

5. fj)’ —ddy = J[—arctan[yﬂ dy=[ ()dy j Zdy=[xiny] =73,

0 X7 +y?

4

6. A= '[J.zfddx j 2far j4 43 +x)dx |:4x——x\/—+—:| :%.

0

7. J J-Jliz dxdy = LI(Z 1-y? )dy:%(area of semicircle).

Reversing the order of integration, Ll J.in dxdy = rl |0 o dy dx = J'IIJ 1-x2 dx= %
o _ .

8. [ j% dy dx = J‘:(l—%)dx:[x—%}z 1.

1
Reversing the order of integration, J: J:y dxdy = J:2y dy = [y2 ]0 =1.

9. We must reverse the order of integration.
J: J-22X4e)’2 dy dx = J‘Oz J;)%4eyz dxdy = J‘Oz[4xey2 ]? dy = -.'OZZyeyz dy:[eyz ]Z —et 1
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10. We must reverse the order of integration.
2 4 \/_ . 4 \/7\/_ . 4 \/_ i Jx 4,
L Lz xsmxafxa’y:.[0 L xsmxdydx:jo[y xsmx}0 dx:Lxsmxdx.

Next, use integration by parts to obtain [sin X —XCos x]z =sin4—4cos4 ~1.858.

Lesson 20

1. V= J‘:Jj%dydx: J‘:{yfj 2dx= Jr dx=4.

- 1- x2yy . y3 yz y4l 3
2. V= (l—xy)dxdyz xX— }dy: (y——]dy:[——— ==
3 ([ 2] @12 o[ -2] -2
1 px 1
3. VzLL)g/dydx(:g).

4. We calculate the volume of the sphere in the first octant and multiply the answer by 8:

y=s[ [ dvde (<2 ),
5. v=[["(4- x)ddx( 21556j

6. Notice that we use integration by parts in the solution.

J .[ 27 dudy = L% .sze_xz dydx = '[)%er"“z cixz[—e'xZ }% =1—e%.

0

F
7. J.Oz f%ﬁcosydydxz Lz L 2}\/7cosya’xdy= J.()Z\/Z_y\/;cosydyzﬁj.;ycosydy

—x/—[cosy+ysmy] =2 [cos2+2sin2-1].

8. The area of the region is 8. The average value is therefore

Average :%J': ijdydx :% L42xdx:%[x2 ]Z =2.
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Solutions

9. The area of the region is 7%. The average value is

r j”51n :Ljﬂ[—cos x+y ]” dx

r( cos( +cosx)dx:—j 2cosxdy=— - [25inx]z =0.

Average =

10. The limits of integration for the inside integral cannot contain the variable of integration, in this case, y.

Lesson 21

.Emedydxz L% Jj(rcose)rdrdez J.O%‘:§COSHT d¢9:9[sin9];% =9.
0
Va? - . 2 }
LI (2 eyt )dvae= [ [rrdrao= | [%l do=["4d6=4z.

3. Note that y =+/2x—x’ =«/1—(x—1)2 :>(x—1)2 +y2=1.

The region is the semicircle given by »=2cosf,0<0 < % So, we have
2 mf2x-x2 77 2cos6 .
L L xydydx = J.OA_[O (rcos@)(rsin@)rdrdo

- 7 jj“’sgﬁ cos Osin O dr do

2cos6

—j/[ cosﬁsmé’} do

0

=4 .L%COSS @sin6do

7
:|:_icos6 0:| ’ :2_
6 3

0

4. The graph is a circle of radius 3. We have

7 6cosd e - Slnzg
a=["[ rdrdH:_[01800529d¢9:9L(1+cos2¢9)d9=9[9 5 }0_97,.
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5. A= j jrdrda j[ }d& j6d9_127z

6. We will calculate the area of one leaf and multiply the answer by 3.

sin 69}%
6

0

A:3j0% joz“"”rdrde% L%4sin2 39d6’=3j:)%(1—cos60)d¢9:3[6’—

7. The volume is

V= 'L% ﬁ(rcos&)(rsin@)rdrd&:%'.;%J:)l 3 sin 20 dr do

- %
L [Pgin2ga0-| -<20 | L
8 b 16 J, 8

v=["[rdrao=["12 a0~ 2207,

_rz)%

v=["[Ni6=r" rdrdo=["|- do = [ 515d0=10T5z.

10. r=1=2cosf0=0= i%. We double the integral for the area in the first quadrant:

_ % 2cos 6 T \/g
A_Z.[() J.l rdrd@ —?4—7 .

Lesson 22
2 2
1. m= Jj szydydx= J.;{%} dx = J.ijdxz[szz =4,
0

lsinzﬁ}% _1

1
2. m:Léﬁ(rcose)(rsin@rdrdﬁzLé[cosesinﬁ%ldﬁz[ét 5

=T.
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Solutions

3. We have the following results:
m= J.jj.:4ydxdy:36

M, = [ [ 4y dvdy =31

-rr _81

M},—L‘L4xydxdy— >

My Mv

}: :2 ;: - :2
m 8’ m 4’

—_

4. We have the following results:
3 oy
m= IO .[0 dxdxdy =18
_FP _8l
Mx—‘[)J;4xydxdy— 7

M, = j: [ 4x* dxdy =27

}:My _3 ;:MX _9 (
m 2’ m 4’

5. We have the following results:
1 p/x 5
m= J‘O jo Sydydx = 1

JE
M, =£J; 5y° dydx=%
5
6

6. We have the following results:
2 ex?
m= IO J-O 3xydydx=16

M, = Lz sz 3xp? dydx =32

H33)

a)-(33)

192

M, = j: LYZszydydx=—

7

m 17 m
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7. We use polar coordinates, as follows:

"= EJ;W3(X2 +y2)dde= L% L43r3 dr df =961

M, = _[: |0 o 3(x2 +y2)ydydx L% "-:31’4 sin @ dr dod =¥

M, =M, by symmetry

sye e 22 (o) (32 2)
m Sz’ \"’ 5z’ 57 )

Lesson 23

Lo fo=2f,=2.1+(£.) +(1,) =VT+4+4=3.

. 4 pd—x 4 X2 4
The surface area is S:jojo 3dydx:3_|;(4—x)dx:3[4x—71:24.

2 f=2f, =3 1+(£) +(f,) =VI+4+9 =14,

The surface area is S = Eijdydx:3ijdx:9m.

3. fi=2f, =3 1+(£) +(/,) =T+4+9 =14,

We use polar coordinates. S = Jjﬁ j:\/ﬁrdr do = J:ﬂ#dﬁ =9147.

4. fo=3f, =2 1(£) +(f,) =VT+9+4 =J14.

_3x
The surface areais S = J.;J.;Z A\/ 14 dydx = 4814,

5. fx:—2x,fy:_2y’ 1+(fx)2+<f},)2 _ (—1+4x2+4y2'
. T 4 T
In polar coordinates, S = Lz L N1+477 rdrd&(zﬁ(&x/@—l)).

6. fo=2x,f, =2, J1+(£) +(/,) =VT+dx* +4 =5+4x".

We have S = j; J:«/5+4x2 dy dx (:%(27—5\5)].
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T fo=-2xf, =20, 1+ (L) +(/,) =T+ +4)7.
In polar coordinates, S = Jj” E\/1+4r2 rdrdﬂ(z%(ﬂm—l)).

8. fo=e,f,=0,/1+(f.) +(fy)2 =Jl+e™.

The surface area is given by S = Ll J.Ol\/ 1+e** dydx (z 2.0035).

9. We calculate the surface area as follows.

kex ky 2 2 2yt K22
fx:\/x“ry2 ’fy:\/x2+y2’ () +(4) :\/1+x2+yz +x2+yy2 =14k

S = [[N1+k> da =1+ [[ da =1+ K" (area of circle) =1+ &> 7r* = 2’ 1+ k7.
R R

Lesson 24
1. J'OSJ;ZJ:dydxdz: I:Ll[y];dxdzz Lsfdxdz: E[x]z dz = fzclz=[2z]z =10.

This is the volume of the box of dimensions 1 x 2 x 5.

2. We have the following:

LGy 2)and = ff{%wml dedy= [ [(+v+2) ey
S S,

3. We have the following:
lllzzzddd:lll3221dd=21122dd
LL.nyZ xdydz 3LL|:xyz:|71 v dz 3.[1.[1)}2 vaz

Y [0 Y RV S

4. V= Jj .[)H fix*y dz dy dx (: %) Note: Other orders of integration are possible.

Solutions
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_ 3 2x 9-x2 _ 81 . . . .
5. V= L ‘L Jj dz dy dx | == |. Note: Other orders of integration are possible.

2

6. V= Jj/jg ‘7 6%‘ ‘[)H 7 dzdydx (=187). Note: Other orders of integration are possible.

7. m= ‘E J:i(zxm J;Hy/z)i(m) 3dzdydx (: 24).
8. m= J;S J‘:x J:lHX%y)/S 3ydzdydx (z %)

9. [ [ deavar=[[]" dveds (:%)

10. .[: Jj‘kx% J‘(1273x—6)% . dydx _ Jj .L(lzfuy ‘.‘(1274?3;(% dy dXdZ(: 4).

3
0 0
Lesson 25

1. x=rcosf=lcos(-7)=-1, y=rsinf=1sin(-x)=0,z=—4.

The rectangular coordinates are (x, y, z) = (-1, 0, —4).

2. x=rcos¢9:3cos(%):g,y:rsinﬁzfisin(%j=3\/7,z=1.
3V2 3J2
27 2 )

The rectangular coordinates are (x, ¥, z) = (

3. 7 =(2V2) +(-2v2) =8+8=16=r=4. tanHz%z%:—l.

Hence, 0 = —% and the cylindrical coordinates are (r, 0, z) = (4, - 4).

4. x=rcos@=9=r=9sech.

5. r’+z2=x>+y*+z* =5, asphere of radius /5.
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Solutions

6. 7r=2sinf=r”>=2rsind = x> +y* =2y. Completing the square, you obtain the cylinder

x2+(y—l)2 =1.

7.  We have the following:

2 J:” J: ' e rdzdrd@ =2 Jj” JZI [rz]

= 2E” I: ry R —r* drdf

dr do
0

:_% 2”‘:(R12_r2)%:|1?1 de
R,

:% (R —Rzz)% do

- %”(Rf ~Rr2)?.

8. [ [ [ xddvan=["[ [\(reos6)rdzarao=["[ [\ cosd dzdrdo.

9. Inthe xy-plane, 2x =2x* +2y* = x* —x+ 1> =0.
1 2 1 2
Completing the square, you have the circle (x_i) +y? = (Ej .

. . . 7T (cos@ 21 cosé
In polar coordinates, the circle is » = cos#. Hence, V = J; J: J;J rdzdrdé.

10. The two surfaces intersect when x2 + y? + 22 = x> + 32 + (x> + %) = 4.

Hence, x> + y? =2, and the integral is V' = Jj” J;ﬁ . o rdzdrdo.

Lesson 26
1. x= 12sin0¢05(—%) =0,y= IZSinOSin(—%j =0,z=12cos0=12.

The rectangular coordinates are (x, y, z) = (0, 0, 12).

174



3z TY_5 (37 (7
2. x= SSm( ) jcos(4)—2,y—5sm( 2 )sm(4 > 2 5
The rectangular coordinates are (x, y, z) = (%, %’ _¥j
p= \/ +42 =32 =4J2. tanf = 2\/2§=—\/§.
4 2 .
So, 0=2% Fi 1y, =E=_2 N2 4T
o, 5 - Finally cos ¢ PPN ¢ 1
The spherical coordinates are (p 0, ¢) = (4\/7, 277[, %j

4. z=pcosgd=6= p=6secy.

V3 z
5. cos =cos(£j ===
’ 6 2 Xyt
2

L =3x?+3y? —2z? =0,z >0, which is the upper nappe

Squaring both sides, we have 3_ -
X +yi+z

of a cone.

6. By sketching the solid, you see that 0 < ¢ < nd 0<6<L27.

< 4
4
For z=2, we have 2 = pcos¢ = p =2sec. Finally, for z:2+1/4—x2—y2,(z—2)2 =4-x*—y°.

So, x*+y*+z’ =4z = p* =4pcosg, and the upper limitis p =4cos¢@. The integral is

[ m:j“ 7 xdedydy = j”/ [ [ (psingcos) p?sing dpdo dg,

-2 2 secg

which simplifies to J:/ j Jjww p’sin® gcos@dpdbde.

secy

7.  We have the following:
de [ f/frp singdpdgdo= [ j:/[ sm¢} dpdo
[ L”A%smyﬁdwe: f”{%(—msqﬁ)?d&

- [P0~ (<2022 Jon) - 22 (1)
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Solutions

8. v=[" j;é [ p*singdpdpas.
27 pr (dsing )
9. V:J; J;J: p2s1n¢dpd¢d6’(=l67r2).

10. The distance from a point to the z-axis is 7 = /x> + y*> = psing. We set up the integral for the mass in the
first octant and multiply by 8&:

m=8k L% jﬁ% [[(psing)p* singdpdpd6 = sk J;% L% [ p*sin? pdpdpdo.

Lesson 27

1. The vectors make a 45° angle with the x-axis. They have constant length ||F|| =JIP+1? =4/2.

2. The vectors point in the direction from the origin to the point (1, 1, 1). They have constant length

[F| =1 +1° +1> = 3.

ON

3. M=5y,N=150" =5 =15y’ - oM

oy’

Hence, the vector field is conservative.

1 1 ON -X oM 4

:\/xz+y2 ’N:\/x2+y2 ja_(xz—i-yz)% oy ( 2 z)%'

x*+y
Hence, the vector field is not conservative.

4. M

5. f.=2xf =—%y2F(x,y):2xi—%yj. Note that V/ =F.

6. f.=6yz f, =6xz, f.=6xy= F(x, Vv, z) = 6yzi++6xzj+ 6xyk. Note that Vf =F.

7. f.= 2xye"z, fr= ev, f.=1= F(x, ¥, z) = 2xye“zi+exzj+k. Note that Vf =F.
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8. fx(x,y):y:>f(x,y):xy+g(y). fy(x, y)zx:f(x,y):xy+h(x).

Hence, f'(x, y) = xy + K is the potential function.

9. We have

7. (x,y): = j:yz :>f(x, y) :%ln(x2 +y2)+g(y)

fy‘(x’ y): xz-):yz 2f(x,y)=%ln(x2+y2)+h(x).

Hence, f(x,y)= %ln(x2 +y° ) +K is the potential function.

10. We have

feo(xp)=3xy = f(x, y) =5y +g(»)
fi(xy)=2y= f(x,y)=x"y" +h(x).

Hence, f'(x, y) = x*y* + K is the potential function.

Lesson 28

i j K
_| 0 9 O a)ie(ve—xv)i _
1. curlF= 5 o (xz—xp)i—(yz—xp)j+(yz—xz)k.

Xyz xyz Xxyz

i i k
2. curlF= % % % =(—ex cosy—e* cosy)k:—2ex cos yk.

e'siny —e*cosy 0

i j k
|19 9 O _(1-(-1))k=
3. arF=20 25 = (1-(-1))k = 2k.
-y x 0
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Solutions

4. The vector field is not conservative because its curl is nonzero:

i j k
0 0 0 . .
curl F = ™ @ P :(cosy)l—(—cosz)J+cosxk¢0.

sinz sinx siny

5. The vector field is conservative because the curl is zero.
fi=x’zt = f= —xyz +g(y, )
f,=xyz’ :>f:%xzyzz2 +h(x, z)
fo=x"yz= f= —xyz +k(xy)

Hence, the potential function is f'(x, y, z) = %xzyzz2 +K.

é’M ON

6. divF(x,y)= e ay ——=2x+4y.
7. divF(x, y,z)= %—Aj %v+aa—1;:cosx sin y+2z.

8. r'(1)=4i+3j=>ds=4"+3% dt=5dr.

So, the line integral becomes J; xyds = J:(4t)(3t)5 dt = J:6012 dt = [20t3 ]; =20.

9. r'(r)=costi—sinsj= ds =~/cos’ t+sin’ 1 di =d.

So, the line integral becomes J'C(x2 +y? +22)ds = J:%(sin2 t + cos’ t+4)dt = .L%Sdt = [St];% = 57”

10. E”(l“Lt)ﬁd’:ﬁ{“F%T” :\/7(67r+18722)= 67237 +1).

0
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Lesson 29

1.

F(x,y)zxi+yj:ti+tj, r'(t)=i+j.

So, the line integral becomes J.F-dr = J:(ti +1j)s(i+j)di = .E2t dt = [IZ]; =1.
C

F(x, y)=3xi+4yj=3+4J4-1’ ',r'(t):l—;j. So, the line integral is
I _ 42
Ja-r 2T
Fedr=| (3ti+4v4—1¢ = 3t 4t dt|——1| =0.
froe= ot T - =L ana= L5,

F(x,y,z)=xyi+xzj+yzk =i+ 20+ 20K, 1'(1) = i+ 24+ 2k.

1
We have [Fedr = [ (2142024 20K )o(i+ 26+ 2K )ddt = [ (£ +48° + 4¢3 )di = [ (9 d—{%}:g
eaveéf r L(m+t;+t )+(i+2j+ 2K ) dr L(z+z+z) L(z)t ol

F(x, ¥, z) =xi+yj-5zk= 2costi+25inlj—51k,r'(t) =-2sinfi+2costj+k.

JF-dr:'[)2”(2costi+2sinlj—5tk)-(—2sinti+2coslj+k)dt—L (- St)dt—[—%} =-1077.
C 0

F(x,y)=xi+2yj=d+20)r' (1) =i+3].

2
So, the work done is W = E[F-dr = f(ti + 213j)-(i+3t2j)dt = f(ﬂr 6t° )dt = [%+t“} =2+64=66.

0

The line joining the two points is r(t) =56+3t+2k,0< ¢ <1.

Hence, F(x, ¥, z) = yzi+xzj+ xyk = 6171 +10£%j+15¢°k, r’(t) =5i+3j+2k.

The work done is 7 = [Fedr = [ (6% +100%j+15°K (Si + 3j+ 2K)dr = [ (90¢)dr =[ 307 ], dr = 30,
C

y=5x,dy=5dx,0<x<2. So, we have
J.(3y—x)dx+y2 dy = J:[(ISJC—)c)dx+(5)c)2 (de)}
C
= [[(14x+125x" ) dx

3 2
=[7x2+125x—} —28+1253 — 1084
3], 303

179



Solutions

8. y=5x,dy=5dx,0<x<2.8So, we have

‘[(x+3y2)dy = _Lz(x+3(5x)2)5dx

C
- L2(5x+375x2)dx

2 2
:[s%ﬂzsﬁ} =10+125(8)=1010.

0

9. F(x,y)=x’i+xyj=4ri+2i(1-1)j,r'(r)=2i+].

So, we have CjF-dr = [(4%+ 20 (e=1)j)e(2i+ ) = [ (86 +20> 20l =[%—z21

10. F(x,p)=xli+xj=4(3-1) i+2(3-1)(2-0)j,r'(1)=-2i-].

3
_236

3

So, we have [Fedr = [[(4(3-1)"i+2G-nQ-0jj(-2i-j)dr = [[-8(3-1) ~2(3-1)2 1) |

c
This integral simplifies to the negative of the answer to Problem 9:

3 2
[Fedr = [[(~84+58/-10¢% ) dr :[—84”29;2 —10’—} —-168+116-30 - 236
J 3 33

0

Lesson 30

1. M=e'siny, N=e¢"cosy= oN _ e cosy= %4 The vector field is conservative.

= oN _ 1 £ —Lz = aﬂ. The vector field is not conservative.

2. M=—,N=2X
yioax oyt yt oy

1
y’

3. The vector field is not conservative because the curl is nonzero:

i j k
curlF =| £ % z :(%—(—%)ji—(%—%}jJr(—lnz—lnz)k¢0.
ylnz -xlnz o4
z
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10.

Because ON _ =2x 6M

& e the vector field F(x, y)=2xyi+ (x2 +y° )j is conservative.

3

The potential function is f'(x, y)=x"y +yT+ K.

5 7(0.4)
Hence, we have .[2xy dx + (x2 +y? ) dy = {xzy + %} _ 64
C

o O

ON _ 5y =M he vector field F(x,y)= 2xyi+(x2 +y° )j is conservative.

B
ecause —— o P

3
The potential function is f(x, y)=x"y+ y? +K.

3 7(0.4)
Hence, we have I2xydx+(x2+y2)dy:{x2y+y?} _ 64
C

=3

(2.0)

Because the curl is zero, the vector field is conservative.

The potential function is f(x, y, z) = xyz + K. Hence, '[yz dx+xzdy+xydz = [xyz]E:’ 2;; =32.
C

Because the curl is zero, the vector field is conservative.

The potential is /' (x, y, z) = xyz + K. Hence, Iyz dx+xzdy+xydz = [xyz]Ezzz)) =32.
C

A potential function is f (x, y)=sinxsin y.

N

Hence, the line integral is .[cos xsin ydx+sinxcos ydy = [sm xsin y]
C

2
The vector field is conservative with potential f (x, y) =X 4K
Y

5, 76-2)
The work is therefore W = {x_} = 2 -1= l
Y Je 2

aN x2_y2 :a_M
o (xz+yz)2 -

Because the curve does not contain the origin, the line integral is zero.

The vector field is conservative because —
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Solutions

Lesson 31

1.

182

We first calculate the line integral. For the path C, from (0, 0) to (1, 1), we have r(r)=ri+7j,0<7<1.

Because x =y =1, Iyzdx+x2dy L dt+(2)dt:£2t2dt:[2§} :%.

0
For the path C, from (1, 1) to (0, 0), we have r(7)=(2—1)i++/2-j,1<r<2.

-1
Here, x=2—t,dx=—dt, y=~/2—t,dy = dt.
ore X Y RN

2 2 -1
So, we have J.Czyzdx+x2dy: .[ (1=2)dit+(2-1) (2mjd1

7 2 2 7 1
Evaluating this int 1 bt ———. Finall dx d ——————.
valuating this integral, you obtain 7o Finally, J'y Xy =515 "35

Next, we calculate the double integral:

”(aN a]\/[)dA ‘L.rr 2x— 2y)dydx
= 'E[ny—yz]f = ‘[j(2x% —x—xz)dx

:[ix% _ﬁ_x;} _4_ 1 1__ 1
: .

ON _ oM
Notice that Z5~Z=2-1=1. Hence, L(y—x)dx+(2x—y)dy:i'fldA.

This is the area between the two semicircles, — 2 7(25-9)=8x%

ON oM
Notice that 5—5—2 1=1. Hence, L(y—x)dx+(2x—y)dy=£jldz4.

This is the area of the ellipse having a = 2, b = 1. So, the answer is zab = 2.
ON oM

We have %—j;}/[ =-2¢"sin2y= %—])\Cf Hence, J;J‘(E—EJ dA=0.



5. By Green’s theorem, we have the following:

W:ijydx+(x+ydy ”[a—N—%]dA H1 x

1
= ["[(1-rcos)rdrae = E”[g—gcosal do

2z

(1.1 _[1gp_ 1 _
—L (2 30059]61’«9 [29 3511149} .

0

6. By Green’s theorem, we have the following:

W= j(/ 3y)dx+(6x+5fdy ”(a—N—a—deA ”6+3 )dd.

225

So, the work is 9 times the area of the triangle: W = 95(5)(5) ===

Lesson 32
1. y=x>-2x,dy=(2x-2)dx. So, the line integral becomes
3 2 2
L(y—x)dx+(2x—y)dy = '[)(x —2x—x)dx+(2x—x +2x)(2x—2)dx
= [[(-2x* +11x* ~11x) dx
0

x* x? 2T
B ST E S
-]

81 99
=——+4+99-=—"-=09.
2 2

2. Letthe circle be x =acost,y =asint,0 <t <2x. Then, the area is

:—J'xdy ydx——L [acost(acost)—asint(—asint)]d 1'L a* dt = na?

3. y=x"+1,dy=2xdx; y=5x-3,dy=5dx. The area is therefore

lf[ 2x (x +1)de+2j‘[x 5x 3)}0’
S5 e -gooden-3
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Solutions

184

ON _ x'=»' oM

The vector field F(x, y) = = -}:y2 i— = -)ify2 j is conservative because E:m—g.
By Green’s theorem, the line integral is zero because Iydx xdy ”(GN aMJdA 0.
c x*+y? oy
5. The line joini ints is y=22"21 = yl
. joining the points is y = - (x x )+ . So, dy = . dx
27 27
I—ydx+xdy j { Y2 =N (x—x)-» +x(y2 b ﬂdx
X, Xy =X,
:J-xz|:xl(y2 ylj y1:|dx:|:|:xl(y2 ylj y]:|x:|
" X, =X Xy =X N
|: I(J/z e j_y1:|(xz _x])_ X (yz _yl)_yl (xz _x])
Xy =X

=XV, =X

6. Wehave A=2[(0-0)+(4-0)+(12-4)+(6-0)+(0+3)+(0-0)] = 2L
0 0
[ (2)as5(s)a - ka{ag(y)—af(x)}d/l: fllo=o]a o

Lesson 33
1. This is the plane y = x + z.
2. Because x* +y” =(u cosv)2 +(u sinv)2 = u?, this is the cone x? + )* = 22,
3. r(uv)=i+jr (u,v)=i-j+k.

At the point (1,—1,1),u=0and v=1. rM(0,1):i+j,rv(0,l):i—j+k.

The normal vector is the cross product, N =1, xr, =i—j—2k. Note that the surface is the plane x —y = 2z.



r, (u,v)=2cosvi+3sinvj+2uk, r, (u, v) = —2usinvi+3u cos vj.
At the point (0, 6,4), u =2 and v =%. r, (2, %) =3j+4Kk,r, (2, %) = —4i.

The normal vector is the cross product, N =r, xr, =—16j+12Kk.

We know the point and the normal vector.

So, the tangent plane is (x —1) - (y + 1) - 2(2 - 1) =0= x—y—2z=0. This is the original plane.

We know the point and the normal vector.

So, the tangent plane is —16(y—6)+12(z—4)=0=4y-3z=12.

r, (u,v)=4i,r,(u,v)=—j+k. The cross product is r, xr, =—4j—4k.
The magnitude of the cross product is |r, xr, | = v16+16 = 4/2.

Finally, the areais A= [ [ dd= [ [ 42 dudv=4J2(2)(1) =872

r, Xr,

r, (u,v)=-2sinui+2cosuj,r, = k.

We have r, xr, =2cosui+2sinuj and

r, ><rV|| =2.

Finally, A= [ [~ dd= [ ["2dudv=20m)3)=12z.

r, XTI,

We will show that x> +y* +z2 = 1.

. 2 . . 2 2
x*+y* 427 =(sinucosv) +(sinusinv) +(cosu)
=sin’ ucos® v+sin? usin® v+cos® u
=sin? u(cos2 v +sin? v) +cos’u

=sin*u+cos’u=1.
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10. We first calculate the cross product:

i i k

I, Xr, =|cosucosv cosusiny —sinu

u v

—sinusinvy  sinucosv 0
o e o . ) . .
=sin” u cosvi +sin” u sin vj+ (cosu sinu cos” v+ cosu sinu sin” v)k

= sin* u cos vi +sin® u sin vj + cosu sin uk.

The magnitude of the cross product is

.2 2 L. 2 . 2
= (sm ucosv) +(s1n usmv) +(sinucosu)

r, Xr,
= \/sin4 u(0052 v +sin? v) +sin’ ucos? u
=+/sin® u+sin® ucos® u
= \/sinz u(sin2 u + cos? u)
s el
=+/sin’u =sinu.
Lesson 34

1. oz _ -1, oz _ 0.dS = l+(—l)2 +0dA=+/2dA. So, we have the following.
ox oy

[[(=2p+2)as = [ [(x-2y+@-0)V2dyax

N

=\/7'[:f(4—2y)dydx
[l
=V2 [3dx=12V2.

g_z = S—Z =0.dS =+1+0+0d4 =dA. So, we have the following.
X oy
1

J;Ixde: f nydydxz%ﬁx@—xz) dx:§[2x2 _%I =2.

Solutions
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3.

4.

5.

6.

We have the following.

v, (u,v)=i,r, (u,v)=j+2k. r,xr, =

Hence, [[(+5)dS = [ [ (v+ 53 dudv =3 [ (v+5)dv = ﬁ[%ﬁv}z _1245.

ds =./(2x)" +(2y)" +1dA. So, we have

”xyd _”x ?}y J1+4x7 +4y* dydx

_ LZIJ?}" COS?SinH\/WVdVdQ
r
- jj” E 14472 cosOsin Odr do.

G(x,y,z)=x+y+z-1,VG=i+j+k. So, we have
ij-NdS: ij-VGdA
N R

= ‘Ll £7X(3z—4+y)dydx
= _Ll J;_x(3(l—x—y)—4+y)dydx

= [ [ (-1-3x-2y)dyax.
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Solutions

7. G(x,y’z)zz_ 36_x2_y2’VG: X i+ Y j+k

2

2
FeVG = —= L =
J36-x7 -7 +\/36—xz—y2 e J36-x2—y

So, we have the following.

J;IF-NdSz JJF-VGdAz gﬁm: ‘L%J:\/%rdrd&

Lesson 35
1. There are six surfaces to the cube, each with dS =+/TdA.
z=0,N=—k, FeN =22, HSOdA:O
z=2,N=k,F-N=2 [[4dd= [ [4dcdy=16
x=0,N=—i, FeN = —2x, HSOdA=o
x=2,N=i,FN=2x, [[4dd=[ [4axay=16
y=0,N=—j,FN=2y, [[ 0d4=0
y=2N=j F-N=-2y, [[(-4)da=[ [(-4)dcdy=~-16.
Adding these up, [[FeNdS =16+16-16=16. The divergence of F is divF =2-2+2z=2z.
s

So, we have the same result: '[é”diVF = J;z '[)2 J;ZZZ dz dy dx = Lz L24 dydx =4(2)(2)=16.

2. There are two surfaces.
For the bottom, z =0, N = -k, FeN =222 So, j jF-N ds = ”—222 dA = HOdA =0.
S R R

For the side, the outward unit normal is

No_2X+2)itk RN :+[2x2z+2y2z+222}.
Ja4xt+4y7 +1 JaxT +4yT +1
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So, we have
[[FNds = ”[2<x2 +y2)z+2zz]dA
g %
- J;z”J:[Zrz(1—r2)+2(1—r2)2}rdrd«9
= [ [[2r-2r*] drao
= ["5d0=n.
The divergence of F is divF = z+z+4z = 6z. The triple integral of the divergence is
[[faive=["[ L' 62 rdzdr do
o
= ["[(3-6* +3r*) rdrae
- f”[3§—6%+3%1 do

_ 3.3, 1|
_jo [2 2+2}d0 .

3. We have the following,
fzjj/;(4xz+2xy+y )dedy = IIW( x(4-22 =)+ 20+ y* )dedy
- JiJj/i(l6x—4x3—4xy2+2xy+y2)dxdy
= [[[8x2 —x*~2x%)* +x y+xy]w by
= [2p2Ja=y"ay.

Using a graphing utility, or a table of integrals, you obtain 4z.

4. The divergence is divF =2x+2y+2z. So, we have
”IdivF = J;l '[)1 £(2x+2y+22)dzdydx
0

= E£(2x+2y+l) dy dx

= [(2x+2)dv=1+2=3.



5. The divergence is divF =1+2y—1=2y. So, we have

mdwF “ J\/i2ydxdydz
= J: '[554)/\/25fy2 dydz
_J:[ 25 y? 2} dz =0.

6. If F(x, y,z)=ai+bj+ck, then divF =0. So, by the divergence theorem, ”FoN ds = IJ:[diVF =0.
s 0

Lesson 36

1. We first calculate the line integral. Let x =3cost, dx =—3sintdt and y =3sint, dy =3costdt.
Because z =0, L Fedr = L —ydx+xdy. So, we have

LF-dr = L—ydx+xdy = Lzﬂ[(—3sint)(—3sint)+(3cost)(3cost)]dt = L2”9dt =187x.

For the double integral, let G(x,y,z)=z—(9-x"—y*),VG =2xi+2yj+k and NdS = (2xi+2yj+k)dA.

The curl of F is

i ik
5 8 0

F=| & 2 2\
et x oy o

-y+z X—z X-Y

So, curl FsNdS = 2 dA. Hence, H(curlF)-N ds = ”2 dA = 2(area of circle) =187,
S R

2. Letu=i+j+k and v =2k be the vectors forming the triangle.

i j k
Their cross productis uxv=|1 1 1|=2i-2j. The surface is the planeis G =2x-2y =0.

00 2

VG =2i-2j and NdS = (2i-2j)dA.

Solutions
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Next, we calculate the curl of F:

J
0 0 0 2x
1F=| — = = k.
ur Ox oy Oz| x*+y?

Because the curl is orthogonal to NdS = (2i -2 j)dA, the line integral equals zero

[Fedr = [[(curl F)-NdS =0.

k

i
3. Thecurlis curl F = % % % = xyj— xzK.
xXyz 'y oz

Let G(x, v, z)z)c2 —-z,VG=2xi—-k,NdS :(2xi—k)dA

Then, we have
[Fedr = [[(curl F)-NdS = [[(xyj—xzk )o(2xi ~K)dld = [[xzdA
C N R R

= f J:x(xz)dydx = E3x3 dx = [3%}: 233

i j ok
6 8 0
4. culf=|2 2 9|_
R PR
11 2

So, the double integral is also zero. (There is basically no circular motion to the liquid.)
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S.

Solutions

i k

i
0 0 0 72
1F = — —- —=3 k.
cur o & = x4y

-yt +y? xfx+y? 0

Letting N =k,
[[ccurtF)oNas = [[3/x*+y7 aa= [ [ (3r)rarao =[] do= [ "8d6=16x.
S R

(There is circular motion.)
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Glossary

Note: The number in parentheses indicates the lesson in which the concept or term is introduced.

Some concepts from beginning calculus, and even precalculus, have also been included that were introduced
in Understanding Calculus: Problems, Solutions, and Tips (Calculus) or in Understanding Calculus 11:
Problems, Solutions, and Tips (Calculus II).

absolute value function: The absolute value function is defined by

7(5)=h-{

x,x=>0

—x,x<0

It is continuous, but not differentiable, at x = 0. Its graph appears in the shape of the letter V. Reviewed in
Calculus, Lesson 1.

acceleration (13): In calculus, acceleration is the rate of change of velocity and has two components: the
rate of change in speed and the rate of change in direction. See particle motion. Introduced for two
dimensions in Calculus, Lessons 34-35.

arc length (13): In three dimensions, arc length is

s= [JI¥OT + [ O [ (] =

The differential of arc length in three dimensions is

ds=\[x ()] +[y ()] +[Z ()] =[x (1)]a

For arc length in two dimensions, see Calculus 11, Lesson 8.

r'(1)] ar.

area of a region in the plane: Let /'be continuous and nonnegative on the interval [a, b]. Partition the interval
into 7 equal subintervals of length

Ax:b_a

s Xg = Ay Xy y Xy yeoes Xy, X, =b.

s Vp—1»

193



The area of the region bounded by f, the x-axis, and the vertical lines x =a and x = b is

A= limZ":f(ci)Ax, X <¢ Lx;,
i=1

n—o &

provided that this limit exists. See Calculus II, Lesson 7.

axis of revolution: If a region in the plane is revolved about a line, the resulting solid is a solid of revolution,

and the line is called the axis of revolution. See Calculus II, Lesson 30.

cardioid: Polar equations of the form » =a(1+cos@) and r =a(1+sin@) are called cardioids.

See Calculus 11, Lesson 29.

center of mass: Calculated by dividing moment about the origin by the total mass, either

X,y >

)2 )5

where m =m, +m, +---+m, and the moment about the origin is given by M, =mx, +...+m,x,
For a region of uniform density (covered in Calculus II, Lesson 9), the center of mass is often called the

centroid of the region. See moment.

centroid: The geometric center of a planar lamina or higher-dimensional object. When mass is uniformly

distributed, the centroid is equivalent to the center of mass. See Calculus II, Lesson 9.

chain rule (5): Unlike in elementary calculus, multivariable calculus has a variety of chain rules. The one

covered in this course is

dw _owds owdy.
dt oOx dt 0oy dt

where some of the derivatives are ordinary derivatives while others are partial derivatives.

compound interest formula: Let P be the amount of a deposit at an annual interest rate of » (as a decimal)

compounded 7 times per year. The amount after ¢ years is

nt
A:P(1+Lj )
n

Glossary

If the interest is compounded continuously, the amount is 4 = Pe” . See Calculus, Lesson 27.
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concavity: Let f'be differentiable on an open interval /. The graph of /is concave upward on 7 if f” is
increasing on / and concave downward on 7 if f' is decreasing on /. A graph is concave upward if the
graph is above its tangent lines and concave downward if the graph is below its tangent lines.
See Calculus II, Lesson 2.

conservative vector field (27, 30): A vector field F that can be represented as the gradient of a differentiable
function f, known as the potential function: in short, a vector field for which F = Vf. Gravitational fields
and electric force fields are conservative. In a conservative vector field, the value of a line integral over a

closed curve is zero.

continuous function (3): In elementary calculus, a function f'is continuous at c if the following three

conditions are met:

f(c) is defined, 1imf(x) exists, and !grclf(x) = f(c)

x—=c

In multivariable calculus, a function of two variables is continuous at a point if 1) the function is defined

at the point, 2) the limit exists at the point, and 3) the function value equals the limit.

Coulomb’s law (27): The force exerted on a particle with electric charge ¢, located at (x, y, z) by a particle of
charge ¢, located at (0, 0, 0) is

F(x, y,z)— 99,

- 2
Il

critical point (6): For a function f'defined on an open region R containing (x,, y,), the point (x, y,) is a critical
point if the partial derivatives of the function at that point £, (x,, y,) andf, (x,, ¥,) are both equal to zero, or

one of them does not exist. These critical points are the candidates for relative extrema.

cross product (10, 13): The cross product of two vectors (also known as the vector product) allows you
to find a third vector in space that is orthogonal to two given nonzero vectors. The cross product is a
vector and is not commutative: Instead, uxv = —(v X u). The cross product equals zero for identical
or parallel vectors. We calculate using a determinant formula: w = ui+u,j+uk = <u1 Uy, u3> and

v=vli+v2j+v3k=<vl,v2,v3> is
i j k
uUxv=u U, u :(u2v3 —u3v2)1—(u1v3 —u3vl)‘|+(ulv2 —uzvl)k.

vV, W
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The magnitude of the cross product is a scalar, which equals ||u X v|| = ||u||||v||sin 0.

The derivative of the cross product is %[r X u] =rxu’ +r'xu.

curl of a vector field (28): A vector field that measures another vector field’s tendency to rotate (when curl = 0,
a field is irrotational). Used as a test for conservative vector fields. Calculated using a cross product of the

differential operator with the vector field: curl F =V xF. For the vector field F(x, y, z)

(6P N ). (OP an. ON oM
——|i-| =————|j+| =———— |k
( j ox Oy

curl F(x, y, z) = oy Oz ox 0z
i ok
_ _|0 9 o
_VxF(x,y,z)— > oy |
M N P

curvature: A measure of how much a curve bends,

_ra|
ol

The curvature of y = f(x) is
]
-
(1)

See Calculus I, Lesson 36.

K=

curve (31): A planar curve is defined by the functions x = f(¢), y = g(#), and z = h(z). A curve is called simple

if it does not cross itself.

cylinder (12): In elementary geometry, a cylinder results when lines perpendicular to a circle generate a tube
shape, but in higher mathematics, a cylinder (or cylindrical surface) can refer to any surface created when
any generating curve in a plane (not just a circle) is extended into a third dimension by lines intersecting

that curve and orthogonal to its plane.

cylindrical coordinates (25): The three-dimensional generalization of polar coordinates: x = rcos?,

y=rsint,z=z.

Glossary
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cycloid: The curve traced out by a point on the circumference of a circle rolling along a line. See Calculus 11,

Lesson 28.

definite integral: Let /'be defined on the interval [a, b]. Partition the interval into n equal subintervals of

length Ax = b_a,xo =a,X,Xy,..., X, 1, X, =D.
n

sYn—1s

Assume that the following limit exists: 1imz f (c,.)Ax, where x,_, <c¢; <x;.
i=1

n—ow &

Then, this limit is the definite integral of /from a to b and is denoted r f (x)dx. See Calculus II, Lesson 3.
del (15, 28): See differential operator.

delta x (Ax) (2, 7): The symbol Ax is read “delta x” and denotes a (small) change in x. Some textbooks use %
instead of Ax.

density (22): Usually mass per unit volume, but for planar laminas, density is mass per unit of surface area.

derivative: In elementary calculus, the derivative of f'at x is given by the following limit, if it exists:

1)

f'(x)=
Notations for the derivative of y = f(x):
’ d ’ d
(0. L 4L () 0p)

The definitions of slope and the derivative are based on the difference quotient for slope:

changeiny Ay
slope =———=—.
P changein x Ax

In multivariable calculus, the functions are of two (or more) variables, and we use partial derivatives:

Sf(x+Ax, )= f(x¥) f(xy+ay)-f(xp)

fo(x, y) = lim . Sy (% )= lim 5 :
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determinant notation (10): In this course, we use a 3 x 3 determinant form only to help us remember and
calculate the cross product of two vectors. Technically, a determinant is a single real number obtained by
using determinant notation, but in that sense, this course has no determinants—which are a topic covered

in linear algebra. See cross product.

differentiable (5): In multivariable calculus, a function z = f(x, y) is differentiable at the point (x,, y,) if Az

can be written in the form Az = f, (xo » Vo )Ax +f, (xo, yo)Ay +&Ax +&,Ay, where ¢, and ¢, tend to zero
as (Ax, Ay) — (0, 0). Differentiability at a point on a surface implies that the surface can be approximated

by a tangent plane at that point.

differential: In elementary calculus, we let y = f(x) be a differentiable function. Then, dx = Ax is called the
differential of x. The differential of y is dy = f '(x) dx. For multivariable calculus, see total differential.

See Calculus II, Lesson 2.

differential equation: A differential equation in x and y is an equation that involves x, y, and derivatives of y.
The order of a differential equation is determined by the highest-order derivative in the equation.
A first-order linear differential equation can be written in the standard form —+ P(x) y= Q(x).

x

See Calculus I, Lessons 4—6.

i, V= i, orV= ai Used in curl, divergence. Pronounced
Z

differential operator (del) (V) (15,28): V =
ox oy
“del,” or “grad,” or “nabla.”

directional derivative (15): A generalization of the concept of partial derivative that can be used to find the

slope away from a point in any given direction.

direction numbers (9): Component numbers in a direction vector.

disk (3): Two-dimensional analog for intervals along the x-axis in beginning calculus. An open disk that is the

interior of a circle. Compare with planar lamina.

divergence of a vector field (28, 35): A scalar that measures outward flux per unit volume, the tendency
of a vector field to diverge from a given point. Positive divergence is a source, negative divergence is a
sink, and divergence = 0 is divergence free or incompressible. Calculated using a dot product of the

differential operator with the vector field: divF =V-F.
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divergence theorem (35): A generalization of Green’s theorem that relates a flux integral over the boundary

of a solid with a triple integral over the entire solid:

[[F-Nas = jgjjdideV: jgﬂv-FdV.

N

dot product (9): The dot product of two vectors, u = <u1 , Uy, u3> and v = (vl ,vz,v3>, 1S Wev =, v, +u,v, +uyv;y.
The dot product of two vectors is a real number, not a vector, and provides a method for determining the
angle between two nonzero vectors; when the dot product equals zero, the two vectors are perpendicular

to each other. For vectors in two dimensions, see Calculus II, Lesson 32.

double integral (20): If fis defined on a closed and bounded region in R in the xy-plane, then the double
integral of fover R is
a0 4=

J.J.f(x, y)dA: limzn: (x,.,yi)AA,..

To solve, rewrite as an iterated integral. Can be used to solve for area, volume, mass, surface area, etc.
error analysis (5): Using the total differential to approximate function values.

extreme value theorem (6): If z = f'(x, y) is continuous on the closed and bounded region R in the plane, then
there is at least one point in R at which ftakes on a minimum value and at least one point in R at which f

takes on a maximum value.

exponential function: The inverse of the natural logarithmic function y = Inx is the exponential function
vy = e". The exponential function is equal to its derivative, %[e‘”] = ¢”. The exponential function to base

a,a> 0, is defined by a* = " See Calculus, Lesson 1.

first derivative test: In elementary calculus, we let ¢ be a critical number of £ If /' changes from positive to
negative at ¢, then fhas a relative maximum at (c, f(c)). If /' changes from negative to positive at ¢, then f
has a relative minimum at (c, /(c)). See second derivative test. See Calculus II, Lesson 2.

flux integral (34): A surface integral that is used to model the flow of a liquid through a two-sided surface—

an orientable surface. Flux integrals are not defined for surfaces that are not orientable.
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function of two variables (2): A function with two independent variables (often x and y) and one dependent
variable (often z or 7). Let D (the domain) be a set of ordered pairs of real numbers. If to each ordered pair

(x, ) in D there corresponds a unique real number f'(x, y), then fis a function of x and y.

fundamental theorem of calculus (1, 36): If /is a continuous function on the closed interval [a, b] and F is

an antiderivative of f, then

[ f(x)dx=F(b)-F(a).
This theorem and the second fundamental theorem of calculus show how integration and differentiation

are basically inverse operations. If fis continuous on an open interval / containing a, the second

fundamental theorem of calculus says that for any x in the interval,
d| _
a“ f(t)dtJ - /(x).

fundamental theorem of line integrals (30): States that the line integral for any two points in a conservative

vector field is simply the difference in the values of the potential function at those two points.

Gauss’s law (35): Relates the flux out of a surface to the total charge inside the surface. In particular, if £ is an

electric field, then
[[E-Nds = 9
N o

Here, Q is the electric charge inside a sphere and ¢ is the permittivity of space, or the electric constant

Generalized to become the first of Maxwell’s laws of electromagnetism.

gradient (15): A vector that points in the direction of maximum increase or steepest ascent; is orthogonal
to level curves (for functions of two variables) and level surfaces (for functions of three variables).
The gradient of a function of two (or more) variables is a vector-valued function; for a function of two
variables, the gradient is gradf(x, y) = Vf(x, y) =f. (x, y)i+fy (x,y)j. The dot product of the

gradient with the unit vector gives the directional derivative.
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Green’s theorem (31): A theorem about points in the plane that relates a line integral around the boundary of

a region with a double integral over the entire region:

jCMdHNdy:y(%—];’—%—]‘j)dA.

Here, M and N are the components of a vector-valued function F. This theorem generalizes to space, in

two different ways, with the divergence theorem and Stokes’s theorem.

growth and decay model (4): The solution to the growth and decay model % =ky is y =Ce" . Introduced in
Calculus II, Lesson 5.

1—cos2x . 2 1+cos2x

half-angle formulas: sin’ x = 2 ;C08° x =

Used when exponents m and # are both even in the integral Isin”’x cos” xdx. Reviewed in Calculus I1,

Lesson 11.

harmonic function (4): A function that satisfies Laplace’s partial differential equation for the steady-state

distribution of the temperature in plates or solids.

horizontal asymptote: The line y = L is a horizontal asymptote of the graph of fif lim f(x)=L or
lim f(x)=L. See Calculus II, Lesson 5.

implicit differentiation: A technique used when it is difficult to express y as a function of x explicitly. The
steps are as follows: Differentiate both sides with respect to x, collect all terms involving dy/dx on the left
side of the equation and move all other terms to the right side, factor dy/dx out of the left side, and solve
for dy/dx. See Calculus II, Lesson 2.

improper integral: An integral where one of the limits of integration is o or —oo, of the form

[/ (x)dc=tim [ (x)ax,

b—w Ja

or those that are not continuous on the closed interval [a, b]. See Calculus II, Lesson 15.
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integrating factor: For a linear differential equation, the integrating factor is u = eIP(X)dX. See Calculus 11,

Lesson 6.

integration by partial fractions: An algebraic technique for splitting up complicated algebraic expressions—
in particular, rational functions—into a sum of simpler functions, which can then be integrated easily

using other techniques. See Calculus 11, Lesson 13.

integration by parts: Iu dv=uv— Iv du. See Calculus 11, Lesson 10.

integration by substitution: Let F be an antiderivative of /. If u = g(x), then du = g'(x)dx, so we have

_[f(g(x))g'(x)dx = F(g(x))+C because J-f(u)du = F(u)+C.

See Calculus II, Lesson 3.

iterated integrals (19): Repeated simple integrals, such as double integrals and triple integrals. The inside
limits of integration can be variable with respect to the outer variable of integration, but the outside limits

of integration must be constant with respect to both outside limits of integration.

inverse functions: Those whose graphs are symmetric across the line y = x.

A function g is the inverse function of the function fif /(g(x)) = x for all x in the domain of g and
2(f(x)) = x for all x in the domain of /. The inverse of fis denoted f~'. Reviewed in Calculus II, Lesson 1.

inverse square fields (27): Fields where the force decreases in proportion with the square of distance.
Given r = xi+ yj+ zKk, the vector field F is an inverse square field if F(x, ¥, z) = k2 u.
<l
inverse trigonometric functions: These inverse functions are defined by restricting the domain of the original

function, as follows.

y=arcsinx =sin"' x < siny = x, for —1<x<1and —%Sys .

y=arccosx =cos”' x <>cosy=x, for —-1<x<land 0< y<r.
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y=arctanx = tan”' x <> tan y = x, for —o0 < x < o0 and —%<y<%.

y =arcsecx =sec” x <> secy =x, for |x|21, 0<y<m, andy;t%.

Reviewed in Calculus II, Lessonl.

Kepler’s laws (14): 1) The orbit of each planet is an ellipse, with the Sun at one of the two foci; 2) a line
joining a planet and the Sun sweeps out equal areas during equal intervals of time; 3) the square of the

orbital period of a planet is directly proportional to the cube of the semimajor axis of the orbit.

Lagrange multiplier (17): A scalar, /, used in a powerful technique given by Lagrange’s theorem for solving

optimization problems that have constraints.
lamina (22): A thin, flat plate of material, usually of uniform density.

Laplace’s partial differential equation (4): Describes the steady-state temperature distribution in plates or
2 2

solids. %—i— 0 f

X

=0. A function that satisfies this equation is said to be harmonic.

law of conservation of energy (30): In a conservative force field, the sum of potential and kinetic energies of

an object remain constant from point to point.

least squares regression line (8): Used to fit a line to a set of points in the plane. Works best when the data is
nearly linear. Derived by minimizing the sum of the squares of the differences between the data and the

line. If f'(x) = ax + b, then the values of @ and b are given by

”iny[_zxizyi 1(& n
a= Fln l:ln 1:12 ,bZZ(’Z_;yi—a;?&)
aniz—(zxi]

i=1 i-1

level curve (2): Also known as a contour line, the set of all points in the plane satisfying f'(x, y) = ¢, when

z=f(x,y) and c is a constant. Contrast with trace, which is the intersection of a surface with a plane.
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level surface (2): Although a function in three variables f(x, y, z) cannot itself be graphed, it is possible to
graph a level surface, the set of all points in space where that function equals a constant, /' (x, y, z) = c.

L’Hopital’s rule: A technique for evaluating indeterminate forms for limits such as % or 2, where no
0

guaranteed limit exists. See Calculus II, Lesson 14.

limit: Defined informally, if /(x) becomes arbitrarily close to a single number L as x approaches ¢ from either
side, we say that the limit of /(x) as x approaches c is L, which we write as limf(x) =L

x—c

Also, the equation lim f (x) = oo means that f(x) increases without bound as x approaches c.
X—>C

More formally: Let f'be a function defined on an open interval containing ¢ (except possibly at ¢), and let
L be a real number. The statement lim f (x) = L means that for each ¢ > 0, there exists a J > 0 such that if

x—c

0<|x—c|< &, then |f(x)-L|<&.
See Calculus II, Lesson 1.

The definition for a limit in multivariable calculus is similar to that in elementary calculus, except that we

use open disks (and approach from any direction) instead of using open intervals (approaching from only

two directions). We say that ( lim f (x, y) = L if for each ¢ > 0, there exists J > 0 such that

)C”V)"(XU’J’O)

|f(x, y)—L| < & whenever O<\/(x—x0 )2 +(y—y0)2 <9.
linear model (8): Given a set of data, a linear model is a function y = ax + b that closely fits the data.

line integral (28, 29): Integration over a piecewise smooth curve, which can be used to calculate the mass of
a thin wire (where the value of the integral does not depend on the orientation of the curve) or work by a
force field (where the orientation of the path does matter and determines the sign of the answer). Green’s

theorem implies that the line integral around any closed curve within a conservative vector field is zero.

See fundamental theorem of line integrals.

lines in space (9): Defined using a point and a direction vector, these are quite different from lines in the plane

(defined using slope and y-intercept). See planes in space and parametric equations.
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log rule for integration: Ildx = 1n|x| +C.
X

For a logarithmic function to base a, when a >0 and a # 1, log, x = %ln x. See Calculus, Lesson 27.
a
See Calculus II, Lesson 3.

mass (22): The double integral of the density function.

Maxwell’s equations (36): Four partial differential equations, and their integral forms, describing the

interaction of electric and magnetic fields. Their differential forms are as follows.

1. For an electric field E and a surface S enclosing a charge O, V+E = ﬁ, where p is the charge density.
£

0

2. If B is a magnetic field, V<B =0.

3. IfEis an electric field and B is a magnetic field, VxE + 6813 0 (also known as Faraday’s law ).
4. IfE is an electric field, B is a magnetic field, and J is the current density, VxB = %—Itg+ J.

Mbobius strip (12, 33): A surface with only one side.

moment (22): Related to the turning force of a mass around a pivot or fulcrum. More precisely, if a mass m
is concentrated at a point and if x is the distance between the mass and another point P, then the
moment of m about P is mx. Formulas for the moments with respect to the axes are much simpler
than the corresponding formulas in elementary calculus: M = _Uy o x, y)dA M, pr X, y)dA
Covered in Calculus 11, Lesson 9.

multivariable calculus (1): Calculus of more than one variable. That is, the calculus of functions of two or

more independent variables, and their graphs in space.

natural logarithmic function: The natural logarithmic function is defined by the definite integral
Inx= _[x%dt, x> 0. See Calculus II, Lesson 3.
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normal: Perpendicular or orthogonal. A vector is normal to a surface at a point if it is perpendicular to the
surface at the point. Also, the normal component of acceleration is the direction of the acceleration and is

given by ay = ||v||||T’|| =a-N =,/ ||a||2 —ay’, where the normal vector is written N or n. See Calculus I,

Lesson 35.

one-sided limits: The limit from the right means that x approaches ¢ from values greater than c. The
elementary notation is lim f (x) =L
Similarly, the limit from the left means that x approaches ¢ from values less than ¢, notated lim f ( ) =L

See Calculus, Lesson 5.

optimization (7, 17): Finding maximum and minimum values (extrema) of a function. The candidates for

extrema are the critical points.

orientable (34): A surface is orientable when its unit normal vector N can be defined at every nonboundary

point on a surface S such that the normal vectors vary continuously over the surface.

orthogonal (9): Two vectors are orthogonal (perpendicular) if their dot product is zero. The orthogonal
trajectories of a given family of curves are another family of curves, each of which is orthogonal

(perpendicular) to every curve in the given family. See normal and dot product.
parallelepiped (10): A three-dimensional object whose faces are all parallelograms.
parameter (13): Used to defined a vector-valued function, a parameter is an independent variable.

parametric equation (9): By equating corresponding components of a direction vector (x — X, V=V, Z— z]>
with three direction numbers (a, b, ¢), we can define a line in space in terms of three parametric

equations, FQz(x—x],y—yl,z—zl>:t<a,b,c>:

x=x+at
y=y +bt
z =1z +ct.
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In the special case where a, b, and ¢ are all nonzero, the parameter ¢ can also be omitted in favor of so-
called symmetric equations that omit ¢ of the form (x—x,)/a=(y—y,)/b=(z—2z)/c. More generally,
for any parametric curve, we consider x, y, and z as functions of a fourth variable (“parameter”) z. The
curve traced out by the parametric equations x = f (t), y= g(t), z= h(t) induces an orientation to the
curve as the parameter ¢ increases. See Calculus II, Lesson 28.

parametric surface (33): A generalization of a parametric curve, given by a vector-valued function having
two parameters. As the parameters u# and v vary over their domains, the function traces out a surface in
space: r(u,v)=x(u,v)i+y(u,v)j+z(u, v)k. For example, the paraboloid z = x> + y* can be described as
a parametric surface r(u,v)=ui+vj+ (u2 +v? )k.

partial derivatives (3, 4): The generalization of derivatives from elementary calculus, defined as

9 (A y)-f(xy) @ EAGRAL ) el
%:fx(x,y)zgg}) (x 13 (x y);%=fy(x,)’):£% (xy 2}3 (x y)

There are four second-order partial derivatives:

ial :azx:f. ig :62y:f
ox\ox ) ox* 77 ovlay) o TV

Gl o/ D A A i
oylox) oyox 7 oxloy) exoy 7

partial differential equation (4): An equation containing partial derivatives. See Laplace’s partial
differential equation.
particle motion (13): The position, velocity, and acceleration are all vectors; the speed is a scalar.
Position: r(t):x(t)i+y(t)j+z(t)k.
Velocity: v(t)=r'(t)=x"(1)i+y'(¢)j+2'(1)k.
Acceleration: a(t) =r’ (t) = x"(t)i +y" (l)j + z”(t)k.

Speed: VO =lr @) =[x 0] +[ ()] +[=()] -
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piecewise smooth curve (28, 30): A curve for which the interval of the curve can be partitioned into a finite

number of smooth subintervals. The lower-dimensional counterpart of a simply connected region.

planar lamina (22): A flat plate of uniform density. See Calculus II, Lesson 9.

plane in space (11): A plane in space is determined by a point on the plane and a vector normal to the plane.
The standard equation of a plane in space is a(x—x,)+b(y—y,)+c(z—z)=0. The general form of a
plane is ax+by +cz+d =0, where a, b, and ¢ are components of the normal vector to the plane.

polar coordinates (21): An alternative to rectangular (Cartesian) coordinates of P = (x, y), with each point
instead given by (7, #), where r is the distance from P to the origin and 0 is the angle the segment OP

makes with the positive x-axis. Useful for solving double integrals involving circles, cardioids, rose

curves, and anything involving x? + y2. See Calculus 11, Lesson 29.

planimeter (32): An engineering device, based on Green’s theorem, for calculating the area of a region by

tracing out its boundary.

potential function (27): The differentiable function whose gradient can represent a particular conservative
vector field F as follows: F = Vf. Finding a potential function is comparable to antidifferentiation:

sometimes easy to see at a glance, but sometimes difficult or impossible to find.

projection (11): When a vector u is projected onto a vector v, the result is a multiple of v, written

U'VJ
V.

proj, u =
[IIVIIZ

The projection is used to find the distance between a plane and a point not in that plane.

quadric surface (12): A family of three-dimensional surfaces analogous to conic sections, consisting
of paraboloids, ellipsoids (of which the sphere is a special case), elliptic cones, elliptic paraboloids,
hyperboloids (of one or two sheets), and hyperbolic paraboloids. The general equation of a quadric

surface is

Ax* +By* +Cz* + Dxy + Exz + Fyz+ Gx+ Hy + Iz + J = 0.
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radian: Calculus uses radian measure. If a problem is stated in degree measure, you must convert to radians:

360° is 2z radians; 180° is x radians. See Calculus II, Lesson 1.
relative extrema (6): A relative maximum or relative minimum.

second derivative test: Let f '(c) =0 (cis a critical number of /). If f "(c) >0, then fhas a relative minimum

atc. If f"(c)<0, then fhas a relative maximum at c. See Calculus II, Lesson 2.

second partials test (6): Similar to the second derivative test in elementary calculus, used to determine
whether critical points are relative extrema or not. Let (a, b) be a critical point of £ Define the quantity
d=f.(a,b)f,(a,b) —[fxy (a, b)]z. Then, we have the following.

1. d>0, f,(a,b)>0= relative minimum.
2. d>0, f,(a,b)<0=> relative maximum.
3. d < 0= saddle point.
4. d=0: Testis inconclusive.
simply connected region (30): A region that is connected (in one piece), and every simple closed curve

in the region encloses only points that lie in the region. A higher-dimensional analog of the piecewise

smooth curve.

Snell’s law of refraction (18): When light waves traveling in a transparent medium strike the surface of
a second transparent medium, they tend to “bend” (undergo refraction) in order to follow the path of

minimum time.

solid of revolution: If a region in the plane is revolved about a line, the resulting solid is a solid of revolution,
and the line is called the axis of revolution. When the plane is a circle, the resulting solid is a torus.

See theorem of Pappus. See Calculus II, Lesson 7.

solution curves: The general solution of a first-order differential equation represents a family of curves known
as solution curves, one for each value of the arbitrary constant. See Calculus, Lesson 35, and Calculus 11,

Lesson 5.
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spherical coordinates (26): Similar to longitude and latitude coordinates on Earth, but the first coordinate p
is a distance, while the other two are angles. The distance p is from a point in space P to the origin O, 6 is
the same angle as used in cylindrical coordinates, and ¢ is the angle between the positive z-axis and the

line segment ﬁ, 0 < ¢ <. Especially useful for like spheres that have a center of symmetry.

Stokes’s theorem (36): A higher-dimension analog of Green’s theorem that relates a line integral around a
closed curve C to a surface integral of a closed, oriented surface S for which C is the boundary. Letting
the unit normal to that surface be N and F(x, y, z) be a vector field whose component functions have
continuous first partial derivatives, then Stokes’s theorem states that fF-dr = ”(curl F)-N das.

C N

summation formulas:

de=cHctte=cn.

i=1

il, _ n(n2+ 1).

i=1

Zn:iz _ n(n+1)6(2n+1).

i=1

surface (31): Surfaces are graphs in space, such as quadric surfaces and surfaces of revolution. A
surface is simply connected if every simple closed curve in the region encloses only points that are

inside that region.

surface area (23): In space, surface area equals the double integral of the differential of surface area.

If z = f(x, y) is defined over a region R in the xy-plane, the surface area is

S = ﬂ\/lﬁ-[fx (x, y)]2 +[fy (x, y)]2 dA.

surface integral (34): A generalization of line integrals, which instead of being defined on a curve in space
are defined on a surface in space. Let the surface S be given by z = g(x, y), let f (x, y, z) be defined at all
points on S, and let R be the projection of S onto the xy-plane. With suitable hypotheses on fand g, the

surface integral is

lff (x, v, z)dS = ﬂf (v (w2 1+(2.) +(g,) .
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theorem of Pappus: If a region is rotated about the y-axis, then the volume of the resulting solid of revolution
is V =27z xA. See Calculus 1I, Lesson 9.

torus: A surface or solid shaped like a tire or doughnut and formed by revolving the region bounded by the
circle x? + 2 = r? about the line x =R (r < R). See Calculus 11, Lesson 31.

total differential (5, 16): Similar to the tangent line approximation to a curve in elementary calculus, the total

differential is a tangent plane approximation to a surface. The total differential of z is the expression

do=Eaer Eay = 1 (x, y)dc+ £, (x, ).

Ox oy

trace (2): The intersection of a surface with a plane—for example, the intersection with one of the three
coordinate planes. The trace of a surface is a curve in space, unlike a level curve, which is a curve only in
the xy-plane.

trigonometric functions: The right triangle definition of the trigonometric functions uses the following

right triangle.

sing=2<.

¢ c

a

cosd = é.

¢ 0
tang =500 _a b
an cosf b

For a point (x, y) on the unit circle x*> + y* = 1, the unit circle definition of the trigonometric functions is

ing = 0=x tang =300 _Y

sind =y, cosf=x, tanf =0 =
1 1 1 X
9= seco=—1 _ cotg=—1 X
g > T cose” tand y

These are reviewed in Calculus II, Lesson 1.
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trigonometric identities: Trigonometric identities are trigonometric equations that are valid for all values
of the variable (typically x or 8) and offer an important technique for simplifying differentiation and
integration problems. These are presented in Calculus 11, Lesson 2. In addition to those described under

trigonometric functions, some of the most useful are as follows.
sin’x+cos’x =1.
tan” x +sec’ x =1.
cos2x = cos” x —sin” x.

sin2x = 2sin x cos x.

2 14+ cos2x
cos” x ==

. 2 1—cos2x
sin sz.

trigonometric substitution: A technique for converting integrands to trigonometric integrals. See Calculus 11,

Lesson 12.

triple integral (24): The definition is similar to the definition of double integral:

n

[[[7(eysz)av = lim > 7 (x,, .0 2) AV
o

lal>0 4

There are six orders of integration for triple integrals in Cartesian coordinates:
dz dy dx, dz dx dy, dy dz dx, dy dx dz, dx dy dz, dx dz dy.

triple scalar product (10): Using three vectors, we take the dot product of one vector with the cross product of
two other vectors. Can be used to find the volume of a parallelepiped defined by three vectors that do not

lie in the same plane.
U, Uy, Uy

u(vxw)=|v, v, wl
W W, W

_ T (t) , Whererisa

unit tangent vector (13): A unit vector pointing in the direction of motion is T(t)

vector-valued function (position vector).
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vector (9, 13, 31): For quantities that have both magnitude and direction, such as velocity, acceleration, and
force. Contrasted with scalars, which have only magnitude, such as speed, mass, volume, and time.

Usually appear in lowercase, bold letters.

vector field (27): A vector field assigns a vector to each point in space. A vector field is conservative if there
exists a differentiable function f (called the potential) such that F = V. The gradient of a function is a
vector field. A rotation vector field is of the form F (x, y) =—yi+xj; aradial vector field is of the form

F(x,y):xi+yj.

vector-valued functions (13): Functions that input a scalar to get a vector. More precisely, functions that use
vectors, instead of algebraic variables, to define their outputs, usually of the form r(z) = £ (¢)i + g(2)j + h(1)k,
or the more compact form, r(r)= < f(1).g(t).h (t)>, where fand g and / are the component functions and

t is the input parameter. See Calculus II, Lessons 33.

velocity (13): The derivative of the position function. The velocity vector is tangent to the path of a particle
and points in the direction of motion. The magnitude of the velocity (a scalar) is the speed. See particle
motion. See Calculus II, Lessons 34.

volume (20): The double integral of a nonnegative function defined on a closed and bounded region in

the plane.

work (29): Force times distance: W = F+D. In one dimension, if the force is variable, given by f'(x), then
the work W done by moving the object fromx=atox=bis W = rF (x)dx In multivariable calculus,
W = IF-dr. See Calculus II, Lessons 8.
C
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Summary of Differentiation Formulas

Summary of Differentiation Formulas

1. Constant multiple rule: i[cu] =cu'.
dx
. d [ !
2. Sum or difference rule: E[u * v] =u V.

3. Product rule: i[uv] =uv' +vu'.
dx

4. Quotient rule: i[ﬂ} _ v —uw'

dx| v V2

5. Constant rule: %[c] =0.

. o d s , oy .o.odw Owdx  Owdy
6. Chain rule: a[f (u)] = f"(u)u’, one generalization of which is o §E+§E

. d n | _ n—1
7. General power rule: g[u ]—nu u.

8. A[x]-1

dr o« x
9 %[6 :|=€
10. % e"]:e".

d _
11. a[logax]—
dr « x
12. a[a }:(lna)a .

di. 1_
13. a[smx]—cosx.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

d [cosx]=—sinx.

dx

%[tan x] =sec? x.

d L en
a[cot x]=—csc’ x.
i [sec x] =secxtanx.

dx

%[CSC x]=—cscxcotx.
4 farcsin x] = ———.

X 1-x

4 [arctanx] = L.

4 fareseer] = ——A—

Derivative of the cross product: %

|x|\/ ¥ -1

[rxu]:rxu'+r’xu.
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Summary of Integration Formulas

Summary of Integration Formulas

1.

[\

b

a

i

216

. Power rule for integration: J-x"dx =

10.
11.
12.

13.

J‘kf(x)dx:kj‘f(x)dx.
[l ()£ g(x)]dr = [£(x)dr [g(x)dx.
Id(x)=x+C.

+1
xn

n+1

+C, for n=-1.
Log rule for integration: [e*gix = ¢* +C

J.exdx =e" +C.

forae=( L

[sin xdx = —cos x+C.

[eos xdx = sinx+C.

[tan x dx = ~In|cos x|+ C.

[eotx ke = Insin x|+ C.

J-secxdx = In|sec x + tan x| + C.

Icscxdx :—ln|cscx+cotx|+C.



J.secz xdx=tanx+C.
Icscz xdx=—cotx+C.
J.secxtanxdx =secx+C.

Icscxcotxdx =—cscx+C.

2 2

IL =arcsin >+ C.
a —x a

j zdx 5 :larctani-i-C.
a’+x a a

J.—dx = larc secH +C.
a a

xNxt-a’
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Quadric Surfaces

Quadric Surfaces

Quadric surfaces (discussed in Lesson 12) are the three-dimensional analogs of conic sections (circle, ellipse,
parabola, hyperbola). Their general equation is Ax> + By*> +Cz> + Dxy + Exz+ Fyz +Gx+ Hy+ Iz +J = 0.

Notice that the squared terms determine the overall shape for each quadric surface. Any cross-multiplied

terms (such as xy, xz, or yz), as well as linear terms and constants, merely tilt or shift the position of the

overall shape.

x2 2 Z2
ellipsoid: = + Fel + o L.

All three squared terms are positive. g
Is a sphere when a = b =c.

Traces are all ellipses.

2 2

2
hyperboloid of one sheet: Z_2+ Y 2—2 =1.

» e

Only one of the three squared terms is negative.
Traces parallel to the two positive terms (xy) are ellipses;

traces parallel to the plane of the negative term (xz and yz)

are hyperbolas.

Other orientations are

2
z
_yz+ 2
c

QN|><
>~

and
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2 2 2 2 2 2

. X
hyperboloid of two sheets: T + e 1= P

Two of the three squared terms are negative.
Traces parallel to the plane of one negative term
(xz or yz) are hyperbolas; for the plain with both squared

terms negative, there is no trace plane.

Other orientations are

2 2 2
elliptic cone: x_2+y_2_z_2 =0.
as b ¢

A double cone, similar to hyperboloid of one sheet,

except the two elliptic cones touch only at a single point.
Only one of the three squared terms is negative.

Traces parallel to the plane of the two positive terms

are ellipses; others are hyperbolas.

Other orientations are

Y

2
__2+

QN|><
S

and
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Quadric Surfaces

2 2
elliptic paraboloid: %+ ;;—2 =z.

Two positive squared terms set equal to a linear third term.
A cylinder created by rotating a parabola when a =5 = 1.

Traces are ellipses in planes parallel to the squared terms
(x2, y?); traces are parabolas in planes parallel to the plane

of the term that is not squared (z).

2 2

hyperbolic paraboloid: % pa—s

b2

Symmetrical saddle shape whena =5 = 1.

One positive squared term and one negative squared

term set equal to a linear third term.
Traces are parabolas in the plane parallel to the
squared terms (x?, y?); traces are hyperbolas in planes

parallel to the plane of the term that is not squared (z).

An alternative orientation is
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